Mathematica 11.3 Integration Test Results

Test results for the 314 problems in "3.2.1 (f+g x)"m (A+B log(e ((a+b
X) over (c+d x))*n))*p.m"

Problem 10: Result more than twice size of optimal antiderivative.
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d -bc+ad b d c+dx
b d d b
3Log[3+x}2 —Log[£+x}+Log[M] +6Log[i+x] PolyLog|2, M]+
b d bc-ad b -bc+ad
c b(c+dx) a C a+bx
6 Log| — + x| Polylog[2, ———"] -3 |Log|— + x| - Log|[ — + x| - Log] ]
d bc-ad b d c+dx
d b b d
(Log[i+x}2—2 [Log[£+x} Log[M} +PolyLog|2, M] ]—
b d -bc+ad bc-ad
d b b d
6 Polylog|3, M] - 6 Polylog|3, M}J]
-bc+ad bc-ad
Problem 15: Result more than twice size of optimal antiderivative.
A+BlLogle (2:2x)")?
( [ (c+dx) ]) dx
(ag+ng)2
Optimal (type 3, 136 leaves, 3 steps):
282n% (c+dx) 2Bn (c+dx) (A+BLog[e(%)n]) (c+dx) (A+BLog[e (%)”})2
(bc-ad)g? (a+bx) (bc-ad)g? (a+bx) (bc-ad)g? (a+bx)
Result (type 3, 389leaves):
1
b(bc-ad)g?(a+bx)
(—AZbc+aA2d—2AbBcn+2aABdn—2szcn2+2aBZdn2+B2 (-bc+ad) Log|e a+:x e
c+dx
aBzanLog[a+bx]z—bBZdnzxLog[aerX]Z—ZBdn(a+bx) Log[a + b x]

c+dx c+dx

a+bx)" a+bx
(A+Bn+BLog[e | -BnLog| || +2aABdnLog[c+dx] +
c+dx c+dx
2aB?dn?Llog[c+dx] +2AbBdnxLlog[c+dx] +2bB2dn?xLog[c +dx] -
a+bx a+bx

2aB?dn? Log| | Log[c+dx] -2bB?dn?x Log]|
c+dx c+dx

a+bx

| Loglc+dx] +

2BLog[e )n] (-(bc-ad) (A+Bn) +Bdn (a+bx) Log[c+dx])

c+dx
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Problem 38: Result more than twice size of optimal antiderivative.
J(cg+dgx)4

Optimal (type 4, 544 leaves, 19 steps):
13B% (bc-ad)*g*n2x 7B2 (bc-ad)’g*n? (c+dx)?

2
dx

a+bx)\"

A+Blogle

c+dx

+

30 b 60 b3 d
B2 (bc-ad)’g*n? (c+dx)> 2B (bc-ad)*g*n (a+bx) (A+BLog{e (ﬁ)n])
30 b2 d . 5b° _

B (bc—ad)3g4n (c+dx)2 (A+BLog[e (%)n])

5b3d 7
2B (bc-ad)?g*n (c+dx)’ <A+BLog[e (%)n])

15b2d _
B(bc-ad)g'n(c+dx)* (A+BLog[e (%)n” gt (c+dx)® (A+BLog[e (ﬁ)n])z

10bd + >d +
13 B2 (bc—ad)sg“nZLog[iizz] 5B2 (bc-ad)®g*n?Lloglc+dx]

30 b5 d " 6b°d '
2B (bc-ad)®g*n (A+BLog[e (ﬁ)n” Log[l—%}
5b>d _
2B8% (bc-ad)®g*n?Polylog|2, ﬁ]
5b>d

Result (type 4, 3163 leaves):
1

60b>d

gt |-96b°B2c°>n?+336ab*B>c*dn?-480a%2b3>B2c>d?’n?+360a>b2B?c?d>n?-144a*bB2cd*n? +

243°B2d°n?+60A%2b° c*dx-96Ab°Bc*dnx+240aAb*Bc3d’nx-240a?Ab3Bc?d®nx+
12023 Ab?Bcd*nx-24a*AbBd°nx+46b°B>c*dn?x-158ab*B2c>d?’n?x +
2042202 B2 c?d®n?x-118ab?B%2cd*n?x+26a*bB2d>n?x + 120 A% b°> 3 d? x% -
72Ab°Bc3d?’nx?+120aAb*Bc?d®nx?-60a2Ab3Bcd*nx?+12a>Ab*Bd°nx?+
13b°B%2c3d?n?x?-33ab*B%2c?2d®n?x?+27a’b>B%2cd*n?x?>-7a3b2B%2d°n? x?+
120 A2b° 2 d®* x> -32Ab°Bc?d®nx3+40aAb*Bcd*nx®-8a2Ab3Bd>nx3+
2b°B2c?d®n?x3-4ab*B2cd*n?x>+2a%b>B>d° n? x> + 60 A2b> cd* x* -
d
6Ab°Bcd*nx*+6aAb*Bd°nx*+12A%b° d°x* -96ab* B2 c*dn®Log| — + x| +
b
a a a
240a?b> B2 c® d?n? Log[ — + x| - 240 a>b? B2 c?d>n? Log| — + x| +120a*bB? c d*n? Log|[ — + x| -
b b b
2

a a 2
24a582d5n2L0g[—+X] +60‘3'9432.:4(1,12Log[—+x}27120a2b382c3d2n2Log[—JrX] +
b b b

a a a
120 a° b? B2 c? d* n? Log[erx]z—Gea“szcd“n2 Log[—+x]2+12a5 B2 d° n? Log[7+x]2+
b b b
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c c c
96 b°B?c®n? Log| — + x| - 240 ab* B> c*dn?Log[ — + x| + 240 a2 b>B* c*d? n? Log| — + x| -
d d d
c c c
120 a° b? B2 c? d® n? Log[ — + x| + 24 a* b B? c d* n? Log[ — + x] +12b582c5n2Log[—+x}2+
d d d
120aAb*Bc*dnlog[a+bx] -240a2Ab3>Bc®>d’nlogla+bx] +240a>Ab2Bc*d®>nlogl[a+bx] -

120a*AbBcd*nlog[a+bx] +24a°ABd°nlog[a+bx] +72a?b3>B>c®>d*n? Log[a +bx] -
152a3b?B?c?d*n? Log[a+bx] +106a*bB%cd*n?Log[a+bx] -26a°B2d°>n?Log[a+bx] -

120 a b*B? c* d n? Log[§+x] Log[a + b x] + 240 a2 b3 B2 c3 d? n? Log[§+x] Log[a+bx] -
240 a3 b2 B2 c? d* n? Log[§+x} Log[a+bx] +120a*bB? cd*n? Log[§+x] Log[a+bx] -
24 a° B2 d° n? Log[§+x] Log[a+bx] +128ab*B%c*dn? Log[§+x] Log[a+bx] -
240 a? b3 B2 c3 d? n? Log[§+x} Log[a +bx] + 240 a%b? B2 c? d* n? Log[§+x] Log[a+bx] -

c c
120a*bB*cd*n? Log[— + x| Log[a+bx] +24a°B*d®n’ Log| — + x| Log[a+bx] -
d d

C d(a+bx C d(a+bx
120ab* B2 c*dn? Log| — + x| Log[g]+240a2b382c3d2n2Log[—+x] Log[g
d -bc+ad d -bc+ad
C d(a+bx C d(a+bx
240 2> b?B? c? d® n? Log | — + x| Log[g}+120a4bB2cd4n2Log[7+x] Log[g
d -bc+ad d -bc+ad
c d(a+bx a+bx\"
24 2> B2 d° n? Log| — + x| Log[Q]JrlzeAbSBc“deog[e - |-
d -bc+ad c+dx
a+bx)" a+bx)\"
96 b> B’ c*dnxLog|e : | +240ab*B*c*d?’nxLog|e . -
c+dx c+dx
a+bx)n a+bx)\"
240a’b*B>c*d®nx Log|e : | +120a°b?B2cd*nxLog|e - | -
c+dx c+dx
a+bx\" a+bx\"
242*bB2d°nx Logle | | +240Ab5Bc*d?x? Log[e | -
c+dx c+dx
a+bx)" a+bx\"
72b582c3d2nx2Log[e( . | +120ab*B?>c?d® nx? Log[e : -
c+dx c+dx
a+bx)" a+bx)"
60a2b3Bzcd4nx2Log[e( : | +12a°b2B*d°* nx? Log|e : +
c+dx c+dx
a+bx)" a+bx)"
240 Ab° B’ d® X° Log|e : }—32b582c2d3nx3Log[e( : +
c+dx c+dx
a+bx)" a+bx)"
40ab*B*cd*nx®Log|e : ]—8a2b3Bzd5nx3Log[e( : +
c+dx c+dx
a+bx)" a+bx)"
120AbSBcd4x4Log[e( : | -6b°B2cd*nx* Log|e : +
c+dx c+dx
a+bx\" a+bx)"
6 ab®B2d°nx*Log[e ’ | +24Ab°Bd°x° Log|e ’ +
c+dx c+dx

a+bx)n
120ab*B*c*dnLog[a+bx] Log[e : | -240a2b>B2c®d’nLog[a + b x]
c+dx
a+bx)\" a+bx)\n
Log[e ’ | +240a°b?B2c2d’nLogla+bx] Log|e ’ -
c+dx c+dx
4 o2 - a4 a+bx)n — a+bx)"
120a*bB*cd*nLogla+bx] Log[e | +24a°B>d°nlogla+bx] Log[e +
c+dx c+dx
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a+bx)\n a+bx)\n
60 b° B2 c*dx Log|e ’ }2+120b582c3d2x2Log[e : ]2+
c+dx c+dx
a+bx)" a+bx)"
120 b° B? ¢? d® x° Log | e ’ }2+60b582cd4x4Log[e( : 2
c+dx c+dx
5 R2 45 5 a+bx\"2 5p .5 5p2 ~5 12
12b° B d® x® Log|e |"-24Ab>Bc®nLlog[c+dx] -46b°B?c>n? Log[c+dx] +
c+dx

86ab*B?c*dn?log[c+dx] -52a%b3>B2c®d?’n?Log[c+dx] +
a

12a*b? B2 c2d>n? Log[c + dx] + 24 b° B2 c® n? Log[ — + x| Log[c +d x] -
b

24b582c5n2Log[£+x] Log[c+dx] -24b°B2c®nlog|e a+bx n} Log[c+dx] -
d c+dx
b d d b
24 b° B2 c® n? Log{i+x] Log[u] - 24 b° B2 ¢® n? Polylog|2, M
b bc-ad -bc+ad
b (C+dx)

24aB%d (5b*c*-10ab>c*d+10a’b? c?d’ - 5a*bcd® +a*d*) n? Polylog|2, ]

bc-ad

Problem 39: Result more than twice size of optimal antiderivative.

J(cg+dgx)3

Optimal (type 4, 454 leaves, 15 steps):
5 B2 (bc—ad)3g3n2x B2 (bc—ad)2g3n2 (c+dx)2

2
dx

a+bx)\"

A+BlLogle

c+dx

12 b3 12b%d
B(bc-ad)’g>n (a+bx) (/-\+B|-°g[e (%)n”
2b* i
B (bcfad)ZgB” <c+dx>2 (A+BLog[e (%)n])
4b%d 7
B(bc-ad)gn(crdx)’ (A+BLog[e (ﬁ)n” +g3 (c+dx)? (A+BLog[e (%)n])z +
6bd 4d
SW(bcfadVg3MLogEji}+11¥(bc—adfg3WLOgK+dX]+
B (bc_ad)“an (A+BLog[e (%)n” Log{l—%] B2 (bc—ad)4g3n2P01y|—0g[2: %}
2b%d _ 2b%d

Result (type 4, 2348 leaves):
1
12 b%d

g3 [—18b482c4n2+54ab3B2c3dn2—60a2b2Bzc2d2n2+30a3szcd3n2—6a4Bzd4n2+12A2b4c3d

x-18Ab*Bc3dnx+36aAb®>Bc?d’nx-24a%?Ab’Bcd®nx+6a>AbBd*nx+7b*B>c3dn?x-
19ab3B?c?d?n?x+17a’b?B?2cd®n?*x-5a°bB?2d*n?x+18A%b* c2d?* x> -9Ab*Bc?d’nx?+
12aAb®Bcd®nx?-3a2Ab?Bd*nx?+b*B?2c?d*n?x?-2ab3B2cd®n?x®+a?b?B%2d*n?x%+
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a
12A%b* cd®x® -2Ab*Bcd®nx®+2aAb’Bd*nx>+3A%b*d*x* - 18ab’ B2 c®dn? Log| — + x| +
b
22 R2 2 42 2 a 3 R2 - 43 2 a 4R2 44 2 a
36 a“b“B“c“d°n Log[—+x]—24a bB“cd’n Log[—+x}+6aBd n Log[—+x}+
b b b
3R2 3412 a 2 212 R2 ~2 42 02 a 2 31 R2 ~ 43 12 a 2
12ab®*B“c’dn Log[7+x] —18abBcdnLog[7+x] +12a°bB cdnLog[7+x} -
b b b
4n2 44 2 a 2 402 42 c 3p2 .3 42 ¢
3a*B?d*n? Log[ — +x| +18b*B>c*n?Log|[— +x| -36ab’B2c®dn? Log| — + x| +
b d d
c c c
24a2b2B2c2d2n2Log[—+x]—6a3bB2cd3n2Log[—+x]+3b4B2c4n2Log[—+x]2+
d d d

24aAb>Bc3dnlog[a+bx] -36a2Ab?Bc?d’nlog[a+bx] +24a>AbBcd®nlog[a+bx] -
6a*ABd*nlogla+bx] +9a’b?B?>c?d’>n?Log[a+bx] -14a*bB2cd®n?Llog[a+bx] +

a
5a*B?d*n?Logla+bx] -24ab?>B>c*dn’Log| — + x| Log[a+bx] +
b
a a
36a’b? B2 c2d*n® Log[ — + x| Log[a+bx] -24a*bB?cd®n? Log| — + x| Log[a+bx] +
b b
a c
6a*B2d*n?Log[ — + x| Log[a+bx] +24ab’>B2c>dn?Log|— + x| Log[a+bx] -
b d

c c
36a*b?B?c?d*n” Log| — + x| Log[a+bx] +24a’bB*cd®n? Log[— + x| Log[a+bx] -
d d

C C d(a+bx
6a*B2d*n”Log[ — + x| Log[a+bx] -24ab’B2c>dn? Log| — + x| Log[¥]+
d d -bc+ad
C d(a+bx C d(a+bx
36 a® b? B2 c2 d? n? Log[ — + x| Log[Q]—24a3bB2cd3n2Log[—+x} Log[Q +
d -bc+ad d -bc+ad
C d(a+bx a+bx)\n
6 a* B2 d* n? Log| — + x| Log[g}+24Ab4Bc3deog[e : -
d -bc+ad c+dx
a+bx\" a+bx\"
18b*B?c*dnxLog|e : }+36ab382c2d2nxLog[e( : -
c+dx c+dx
a+bx)\" a+bx)"
24a’b?B2cd®nxlog|e . | +6a*bB*d*nxLog|e i |+
c+dx c+dx
a+bx)\n a+bx)\"
36 Ab* B c?d?x* Log[e : )]—Qb“BZczdznszog[e . +
c+dx c+dx
a+bx)" a+bx)"
12ab*B*cd®nx? Log|e . ]—3a2b282d4nx2Log[e( . |+
c+dx c+dx
a+bx)" a+bx)"
24Ab*Bcd® X’ Log|e : | -2b*B?cd®nx® Log|e ’ +
c+dx c+dx
a+bx\" a+bx)n
2ab’B2d*nx’ Log|e : | +6Ab*Bd*x* Log|e - +
c+dx c+dx
3p2 .3 a+bx)n 212 R2 ~2 42 a+bx)"
24ab>B2c>dnLog[a+bx] Log[e( | -36a*b?B*c*d*nLoga+bx] Log[e +
c+dx c+dx
a+bx)" a+bx)"
24a*bB?cd®nLog[a+bx] Log[e( : | -6a*B2d*nLog[a+bx] Log[e( : +
c+dx c+dx
a+bx)" a+bx)"
12b*B*c*dx Log|e ’ }2+18b482c2d2x2L0g[e ’ 2
c+dx c+dx
a+bx)n a+bx\"
12b* B c d® X° Log|[e : ]2+3b482d4x4Log{e : 2.
c+dx c+dx

6Ab*Bc*nlog[c+dx] -7b*B2c*n?Log[c+dx] +10ab3>B?>c3>dn?Log[c+dx] -
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a
3a2b?B*c?d’n? Log[c+dx] +6b*B2c*n? Log[ — + x| Log[c+dx] -
b

n

a+bx
| Loglc+dx] -

c
6b*B? c*n? Log[ — + x| Log[c+dx] -6b*B?c*nLog|e (
d

c+dx
b d d b
blc+dx) X)}—Gb“Bzc‘lnzPolyLog[Z, darbx) +
bc-ad -bc+ad
b<c+dx>]

bc-ad

6 b* B2 c* n? Log[Eer} Log |

6aB’d (-4b>c>+6ab>c*d-4a’bcd®+a’d’) n’Polylog|2,

Problem 40: Result more than twice size of optimal antiderivative.

J(cg+dgx)2 n]]zdlx

a+bx

A+Blogle

c+dx
Optimal (type 4, 361 leaves, 11 steps):

B2 (bcfad)zgznzx 2B (bc—ad)zgzn (a+bx) (A+BLog[e (M)n”

c+d x B
3 b2 3b°
2 tbx \ N 3 bx N7\ 2
B(bc-ad)g?n(c+dx) (A+BLog[e(ﬁ) ” +g2 (c+dx) (A+BLog[e<ﬁ) ]) N
3bd 3d
B2 (bcfad)3g2n2Log[%} +B2 (bc-ad)®g?n?Log(c+dx] X
3b3d b’d
2B (bc—ad)sgzn (A+BLog[e (%)n” Log{l—J—Z(:gz)} i
3b3d
282 (bc-ad)’g?n?Polylog|2, ﬁﬁ]
3b3d
Result (type 4, 1589 leaves):
2
2 c2x [asB Log[e a+bx n]—nLog[aerX] .
c+dx c+dx
5 a+bx)\" a+bx 2
cdx® |A+B Log[e }—nLog[ ) +
c+dx c+dx
2
a2 (ass Log|e arbx n]—nLog[aerX +
c+dx c+dx
5 a+bx\" a+bx
2Bc n(A+B Log|e | -nLog|
c+dx c+dx
a+bx (bc-ad) (adlog[a+bx] -bclog[c+dx])
x Log| |+ +
c+dx b?2cd-abd?
a+bx)\n a+bx 1 a+bx 1
2Bd2n(A+B Log[e | -nLog| =’ Log| -
c+dx c+dx 3 c+dx 6b3d3

(bd (bc-ad) x(-2bc-2ad+bdx) -2a*d*Logla+bx] +2b>c®Loglc+dx]) |+

]

n a+bx

a+bx }—nLog[

4Bcdn [A+B (Log[e(

c+dx c+dx



Mathematica 11.3 Integration Test Results for 3.2.1 (f+g x)~m (A+B log(e ((a+b x) over (c+d x))”n))~p.nb | 15

1, a+bx 1 x a’logla+bx] c?log[c+dx]
—x%Log |-~ (bc-ad) |—~+ - +
c+dx 2 bd b?(bc-ad) d? (bc-ad)
B2 c2n? xLog[aerX Zi(adLog[i+x]2bcLog[Eer]2+2adLog[ier} Log[a+bx] -
c+dx bd b d b
c c d<a+bX)
2adlog|~ +x] Log[a+bx] +2adLog|[~ +x]| Log[ ——"] -
d d -bc+ad

a+bx a c
2adlog[a+bx] Log| | -2bclog|—+x] Log[c+dx] +2bcLog|— +x|
c+dx b d
a+bx a b(C+dX>
Log[c +d x] +2bcLog[ ]Log[c+dx] +2bcLog[7+x] Log[i] +
c+dx b bc-ad
d b b d
2bcPolylog|2, M} +2adPolylog|2, M} +2B2cdn?
-bc+ad bc-ad
a+bx,2 1

[—2d (-bc+ad) (a+bx]

—1+Log[§+x]

+a?d? Log[§+x]2—

cidx’ 2022

2b (bc-ad) (c+dx) +b2c2Log[§+x]2—2

Log[§+x] —Log[§+x] -

—1+Log[§+x]

Log[a+:X} (a?d*Logla+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -
c+dx
b d d b
2b%c? Log[i+x} Log[M} + PolyLog|2, dlarbx)
b bc-ad -bc+ad
d b b d
2 a3 d? Log[£+x} Log[M} +PolyLog[2, M] J] +
d -bc+ad bc-ad
B2 d? n? 1X3L0g arbxyz 1 4d(—bc+ad> (bc+ad) (a+bx) —1+Log[i+x] -
3 c+dx 6b3d3 b

—1+Log[§+x]

bx (2a-bx) +2b2x2Log[§+x] -2a’logla+bx]

2a3d3Log[§+x]2+4b (bc-ad) (bc+ad) (c+dXx)

+

2b3c3Log[§+x]2+d2 (bc-ad)

b’ (bc-ad) (dx (-2c+dx) —2d2x2Log[§+x] +2c2Log[c+dx]J -

a+bx

2 (Log[§+x} —Log[§+x} —Log[

c+dx
(bd (bc-ad) x(-2bc-2ad+bdx) -2a*d’>Logla+bx] +2b>c®Log[c+dx]) +
b d d b

7<C+ X) | +PolylLog|2, 7(a+ X)
bc-ad -bc+ad

d(a+bx) b(c+dx)
7} +PolyLog[2, _
-bc+ad bc-ad

4b3c3?

+

I

Problem 41: Result more than twice size of optimal antiderivative.
J(cg+dgx) n}) dx

Optimal (type 4, 220 leaves, 7 steps):

Log[erx} Log[

4a3d3

]

Log[§+x} Log |

a+bx

A+Blogle

c+dx



16 | Mathematica 11.3 Integration Test Results for 3.2.1 (f+g x)~m (A+B log(e ((a+b x) over (c+d x))”n))~p.nb

B(bc-ad)gn(a+bx) (A+BLog[e (M)”])

c+d x
_ +
b2
g (C+dX)2 (A+BLog[e (%)n])z B2 (bc—ad)zgnZLog[c+dx}
+ +
2d b2 d
5 [bc-2)"gn (A8 Log[e [22]"]) Log[1- 505 ] 82 (bc-ae)” gnepolyiog[2, b |
b2 d ) b2 d

Result (type 4, 941 leaves):
1
2b2d

g[2b282c2n2+4abB2cdn22a2B2d2n2+2A2b2cdx2Aszcan+2aAde2nXJr
a a a 2
A?b2d?x*-2abB2cdn®Llog[— +x| +2a?B?d*n?Log[ — + x| +2abB*cdn?Log|[— +x]| -
b b b
22 42 2 a 2 2p2 -2 2 c 2 2 c
a’B?d?n? Log| — + x|  +2b?B?c?n?Log[—+x| -2abB*cdn?Log| — +x]| +
b d d
c
b282c2n2Log[—+x]2+4aAbBcdnLog[a+bx]—2a2ABd2nLog[a+bx]—
d
a a
4abB?cdn®Llog[—+x| Log[a+bx] +2a’B>d?n? Log|— +x]| Log[a+bx] +
b b

c c
4abB?cdn?Llog[—+x| Log[a+bx] -2a’B?>d?n? Log[— +x] Log[a+bx] -
d d

c d(a+bx c d(a+bx
4abB?cdn®Log|— +x] Log[¥]+2a282d2n2Log[—+x] Log[¥]+
d -bc+ad d -bc+ad
N a+bx\" 202 a+bx)n
4Ab?Bcdxlogle | -2b?B2cdnxlogle ) +
c+dx c+dx
a+bx)n a+bx)"
2abB?d’nxLogle - ]+2Aszd2x2Log[e( ’ +
c+dx c+dx
) a+bx)" 2 02 42 a+bx)"
4abB?cdnlogla+bx] Log[e( | -2a?B?d*nLog[a+bx] Log[e( +
c+dx c+dx

n.2

a+bx 2o o
-2Ab“Bc“nlLog[c+dx] +

a+bx

2b’B?cdxLog|e n}z

+b? B2 d? x? Log|e (

c+dx c+dx

a c
2b2B2c?*n?Log|[ — + x| Log[c+dx] -2b?B2c?n? Log[— + x| Log[c +dx] -
b d

b d
2b?B?c?nLog|e arbx n] Log[c+dx1—ZbZBzcznzLog[i+x} Log[i<c+ X)}_
c+dx b bc-ad
d b b d
2b®B*c? n’ Polylog |2, M} +2aB?d (-2bc+ad) n?Polylog|2, M
-bc+ad bc-ad

Problem 42: Result more than twice size of optimal antiderivative.

J‘(A+BLog[e (%)n])z

cg+dgx

dx

Optimal (type 4, 137 leaves, 4 steps):
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el 252" rsl 22281

_ c+d x (c+d x)
dg
2Bn (A+BLog[e (%)n]) PolyLog[Z, %] 2 B2 n2 PolyLog[B, S—E%H
dg : dg
Result (type 4, 537 leaves):
a+bx\" a+bx,)?
—_— 3(A+BLog[e | -BnLog| || Loglc+dx] -
3dg c+dx c+dx
a+bx)\" a+bx
BBn[A+BLog[e | -BnLog|
c+dx c+dx
c 2 a C a+bx
Log[— + x| +2 |Log[— +x] - Log|[ — + x| - Log] ]| Logic+dx] -
d b d c+dx
b d d b
2 Log[i+x] Log[M]+PolyLog{2, M +
b bc-ad -bc+ad
d b
o (Log[gﬂfdtog[gﬂ]z fLog[i+X]+Log{M .
d d b -bc+ad
2 b d
3 7L°g[i+x}+L°g[£+x}+'-°g[a+bx] Log[c+dx}+3Log[i+x}2Log[M]+
b d c+dx b bc-ad
d b
6Log[3+x} PolyLog|2, M}JrB Log[i+x}7Log[£+x}f|_og[a+bx
b -bc+ad b d c+dx

b d d b
(Log[£+x}2—2[Log[i+x} Log[i(or X)}+P01yLog[2, (2 X>] +6Log [~ + x|
d b bc-ad -bc+ad
b d d b b d
PolyLog|2, M] -6 Polylog|3, M] - 6 Polylog|3, M] ]
bc-ad -bc+ad bc-ad

Problem 43: Result more than twice size of optimal antiderivative.

J‘(A+BLog[e (%)n])2

(cg+dgx)2

dx

Optimal (type 3, 163 leaves, 4 steps):
2ABnN (a+bx) 2B2n? (a+bx]
_ N _
(bc-ad)g?(c+dx) (bc-ad)g?(c+dx)

2B2n (a+bx) Log[e (M)"] ) <a+bx) (A+BLog[e (m)n])z

c+d X c+d X

(bc-ad)g? (c+dx) (bc-ad)g? (c+dx)

Result (type 3, 391 leaves):
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1
d(-bc+ad)g?(c+dx|
2 2 2.2 242 R2 a+bx\"2
A’bc-aA’d-2AbBcn+2aABdn+2bB?cn?-2aB*dn*+B? (bc-ad) Log|e -
c+dx

s a+bx;2 s 4 a+bx;2
bB2cn? Log| |"-bB2dn?xLog| ] +2bBn (c+dx) Log[a+bx]
c+dx c+dx
a+bx)\n a+bx
[—A+Bn—BLog[e }+BnLog[ ] +2AbBcnlLog[c+dx] -
c+dx c+dx
2bB?cn?Llog[c+dx] +2AbBdnxLog[c+dx] -2bB*dn?xLog[c+dXx] -
s o a+bx 2 40 a+bx
2bB“cn Log[ }Log[c+dx]—2bB dn xLog[ ]Log[c+dx]+
c+dx c+dx
a+bx

2BLog[e )n] ((bc-ad) (A-Bn) +bBn (c+dx) Log[c+dx])

c+dx

Problem 67: Result more than twice size of optimal antiderivative.

J(f+gx)3

Optimal (type 4, 923 leaves, 15 steps):
B2 (bc-ad)’g’n?x B? (bc-ad)?g? (4bdf-3bcg-adg)n?x B?(bc-ad)®g*n? (c+dx)?

2
dx

a+bx)\"

A+Blog|e

c+dx

6 b3 d? 4b3d3 12 b2 d*
1
2b4dSB(bc—ad)g(azdzgz—Zabdg(defcg)+b2 (6d*f*-8cdfg+3c®g?))
a+bx\" 1
n(a+bx) |A+BlLogle ]—
c+dx 4b%d*
B(bc-ad)g?(4bdf-3bcg-adg)n(c+dx)?|A+BLogle a+3x n}]_
c+dx

B (bc—ad) g*n (C+dx)3 (A+BLog[e (M)n” ) (b'F—ag>4 <A+BLog[e (M)nnz

c+d X c+d X

+

6 b d* abtg
figx)* (A+BLogle [2:2x)"])?
( * | e ()] - B(bc-ad) (2bdf-bcg-adg)
4g 2 b*d*
a+bx)" bc-ad
(2abd®>fg-a*d’g”- b (2d2f2—2cdfg+c2g2)>n(A+BLog[e ) ])Log[i +
c+dx b (c+dx)
B2 (bc—ad)4g3n2Log[$]+Bz (bc-ad)’g? (4bdf-3bcg-adg) nzLog[ﬁ}
6 b4 d* 4 b* d*
B2 (bc-ad)*g>n?Llog[c+dx] B2 (bc-ad)’g?(4bdf-3bcg-adg)nLloglc+dx] 1
+ +
6 b* d* 4 b* d* 2 b*d*
B2 (bc—ad)zg(azdzgz—zabdg(2d1"—cg)+b2 (6d*f*>-8cdfg+3c*g?))n’Loglc+dx] -

1
2b%d*

B> (bc-ad) (2bdf-bcg-adg)

d(a+bx)

(2abd’fg-a*d®g?-b? (2d*f*-2cdfg+c?g?)) n’Polylog[2, ——
b (c+dx)
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Result (type 4, 2541 leaves):

3 a+bx)" a+bx, )2
 x A+BLog[e ]—BnLog[ } +
c+dx c+dx
3 a+bx\" a+bx,\?
S f2gx? A+BLog[e( : | -BnLog| : 1+
2 c+dx c+dx
) 3 a+bx)\" a+bx, )2
fgox A+BLog[e )]—BnLog[ +
c+dx c+dx
1 5., a+bx\" a+bx.,\2 1
~g>x* |[A+BLog[e | -BnLog| -—
c+dx c+dx bd
3 a+bx\n a+bx
2Bf n(—A—BLog[e ] +BnLog] ]
c+dx c+dx

a+bx
(adLog[a+bx}+bdeog[ ]—bcLog[c+dx] +
c+dx
1 3 a+bxyn a+bx 6a>x 6c3x 3a’x?
—Bg n[A+BLog[e }—BnLog[ - - +
12 c+dx c+dx b3 d3 b2
3c2x?2 2ax® 2cx® 6a*logla+bx] 4 a+bx 6 c*Log[c+dx]
+ - - +6x* Log]| |+ +
d? b d b* c+dx d*
) a+bx)" a+bx
Bfg n(A+BLog[e | -BnLog|
c+dx c+dx
(bc-ad) x (2bc+2ad-bdx] 2a®Log[a+bx] R a+bx, 2c3Log[c+dx]
+ +2x% Log| |- -
b% d? b3 c+dx d?
) a+bx)\" a+bx
3Bf gn(—A—BLog[e | +BnLog| ]
b2 d? c+dx c+dx
a+bx

(—azdzLog[a+bx}+b d(-bc+ad) x+bd?x*Log| +

| +bc?Loglc+dx]
c+dx

iBzfsnz [adLog[i+x}2+bcLog[£+x]2—2adL°g[§+X] Log[a+bx] +

bd b d
c C d(a+bx)
2adlog[—+x] Log[a+bx] -2adLlog|— +x]| Log[ ——"] +
d d -bc+ad
a+bx a+bx;2 a
2adlogla+bx] Log| | +bdxLog] |"+2bclog[~+x] Log[c+dx] -
c+dx c+dx b

C a+bx a
2bcLog[E+x} Log[c +dX] —ZbcLog[ }Log[c+dx] —2bcLog[E+x]

c+dx
b d d b b d
Log[%] -2bcPolylog|2, M} -2adPolylog|2, M} +
c-ad -bc+ad bc-ad

1 a+bx;2 1
—B?g>n? |3x* Log| -6b*c*+6ab’c*d+6a*bcd®-6a*d*-5b*c3dx+

+
12 c+dx b* d*
S5ab3c?d?’x+5a2b?cd3®x-5albd*x+b*c?d?’x?-2ab3cd®x?+a2b?d*x?-

a a a c
6ab®c’dLog[—+x| +6a*d* Log[~ +x] —3a4d4Log[7+x]2+6b4c4Log[7+x} -
b b b d
c c
6a’bcd’®Log[— +x] —3b4c4Log[7+x]2—3a2b2c2d2Log[a+bx1 -2a*bcd?®Logla+bx] +
d d

a c
5a*d*Log[a+bx] +6a*d*Log[— +x]| Log[a+bx] -6a*d*Log|[— +x| Log[a+bx] +
b d
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d(a+bx) a+bx

a+bx
| -6b*cdxLog| ! | +6a*bd*xLog]| +
-bc+ad c+dx c+dx

a+bx a+bx

6a*d* Log[§+x] Log|

a+bx
3b* c?d* x? Log]| : | -3a%b?d*x? Log| | -2b*cd®x* Log]|
c+dx c+dx c+dx

+

a+bx a+bx
2ab®d*x° Log| : | -6a*d*Logla+bx] Log| :
c+dx c+dx

2ab®c®dlog[c+dx] -3a2b?c?d?Log[c +dx] —6b4c4Log[i+x] Log[c+dXx] +
b

| +5b*c*Loglc+dx] -

a+bx

6 b* c* Log[§+x] Log[c+dx] +6b*c*Log]| | Loglc+dx] +6b*c* Log[Eer}

b(c+dx)})]+3

c+dx

b(c+dx) d(a+bx)

———| +6b*c*PolyLog[2, ———] + 6a* d* PolylLog|2,
bc-ad -bc+ad bc-ad
a+bx,2 1

crdx' b2

Log | 3 g2
2

+a2d2Log[§+x]2—

f2gn? |x? Log|

—1+Log[§+x}

(2d(bc+ad) (a+bx)
2b (bc-ad) (c+dx) (—1+Log{§+x]]+b2c2Log[§+x}2—2
]

2b2c? [Log[§+x} Log |

Log[s+x} —Log[§+x} -

a+bx

Log| (a>d*Logla+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -

c+dx
b d d b
—Ifii——zlﬂ +PolyLog|2, ——gii——é%
c-a -bc+a
d b b d
A—Eii——il}A+PolyLog[2, AAQiiAAEl
-bc+ad bc-ad

a+bx,2 1

]

2a%d? (Log[:er} Log |

-

4d (-bc+ad) (bc+ad) (a+bx)

1
=x3Log

3B2fg?n?
3 c+dx 6 b3 d3

—1+Log[§+x}) -

2a3d3Log{§+x]2+4b (bc-ad) (bc+ad) (c+dXx)

c
—1+Log[—+x]) -

d
bx (2a-bx) +2b2x2Log[§+x] -2a’Llog[a+bx]
dx (-2c+dx) —2d2x2Log[§+x] +2c?log[c+dx]

]
c+dx
(bd (bc-ad) x (-2bc-2ad+bdx) -2a*d®>Log[a+bx] +2b*>c®Log[c+dx]) +

b (c+dx) d(a+bx)
)

Problem 68: Result more than twice size of optimal antiderivative.

J(-FJrgx)2

Optimal (type 4, 565 leaves, 12 steps):

+

zb3c3Log[§+x]2+d2 (bc-ad)

b’ (bc-ad)

a+bx
2

Log[§+x} —Log[§+x} —Log[

| +PolylLog|2,
bc-ad -bc+ad
d b b d

—lf:;—flﬂ +PolyLog[2,4—i£j——il
-bc+ad bc-ad

4b3c? (Log[erx} Log |

433 d3 (Log[;+x} Log|

2
dx

a+bx)"

A+BlLog|e

c+dx
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B2 (bcfad>282nzx 1
3 b2 ¢ 3b% d?
B(bc_ad>g<3bdf_2bcg_adg>n(a+bX> A+BLOg[e(a+bX n})_
c+dx
B(bcfad)gzn(udx)z(A*BLOg{e(%)nH
3bd? 7
+ 2 - 2
(oF-ag)’ [a+oiosle (253)"]]" (Frex)” (a-stogle (23)"])°
3b3g 3g 3b3d3

B(bc-ad) (a®d’g’-abdg (3df-cg)+b*(3d*°f*-3cdfg+c®g?))
a+bx)\" bc-ad
]Log[i

b (c+dx)

+

n [A+BLog{e

c+dx

B (bcfad)3g2n2Log[iiZ§} B2 (bc-ad)’g?n?Log(c+dx]
+

+

303 3 303 d3
2B2 (bc-ad)?g(3bdf-2bcg-adg) n2Llog[c+dx] 1
( Je | g g € + 2B* (bc-ad)
3b3d3 3b3d3
d(a+bx)
(a®d’g>-abdg (3df-cg) +b® (3d°f*-3cdfg+c’g?))n’Polylog|2, —
b (c+dx)
Result (type 4, 1534 leaves):
) +bx\n a+bx,)2 ) a+bx\n a+bx
f2x |[A+Blog|e | -Bnlog| }) +fgx A+BLog[e( | -Bnlog| +
c+dx c+dx c+dx c+dx
1 bx)" b 21
—g?x> |[A+BLog[e arox ]—BnLog[a+ X} -—
3 c+dx c+dx bd
) a+bx)n a+bx
2Bf n(—A—BLog[e( | +BnLog| ]
c+dx c+dx
a+bx
[adLog[a+bx}+bdeog[ | -bcloglc+dx] |+
c+dx
1 ) a+bx)" a+bx
~Bg n(A+BLog[e )]—BnLog[ )
3 c+dx c+dx
(bc-ad) x (2bc+2ad-bdx] 2a®Log[a+bx] R a+bx,; 2c3Log[c+dx]
+ +2X Log[ - -
b2 d? b3 c+dx d?
a+bx\" a+bx
ZBan( A—BLog[e }+BnLog[
b2 d? c+dx c+dx

d (-bc+ad)x+bd?x? Log[ 22X
c+dx

| +bc?Loglc+dx]

+

( a2d?Log[a+bx] +b

BZ_FZ 2 [adLog[JrX} +bcLog[£+x]272adLog[i+X] Log[a+bx] +
bd b d b

d(a+bx)

C <
2adLog[7+x} Log[a + b x] —ZadLog[erx} Log[
d d -bc+ad

} +

a+bx a+bx,2 a
2adlogla+bx] Log| | +bdxLog]| ] +2bcLog[E+x} Log[c+dx] -

c+dx c+dx

c a+bx
2bclog[—+x] Loglc+dx] -2bclLog]|
d

| Loglc+dx] —2bcLog[i+x]
c+dx b
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b (c+dx) d(a+bx) b (c+dx)
Log|——] -2bcPolyLog[2, ———] -2adPolylLog|[2, ———— J .
bc-ad -bc+ad bc-ad
BZfgn? szog[:izi}z—bzldz -2d (-bc+ad) (a+bx) —1+Log[§+x] +a2d2Log[§+x}2—

2b (bc-ad) (c+dx) (—1+Log[§+x]) +b2c2Log[§+x}2—2

Log[§+x} —Log[§+x} -

LOg[aJr:X} (a*d®Log[a+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -
c+dx
b d d b
2b2c? (Log[i+x} Log[u} +Polylog|2, dfarbx)
b bc-ad -bc+ad
d b b d
2 a%d? (Log[chx} Log[M} + PolyLog|2, M] ]} +
d -bc+ad bc-ad
B*g’n? 1X3L08[a+bx S 4d (-bc+ad) (bc+ad) (a+bx] —1+Log[3+x} -
3 c+dx 6 b3 d? b

2a3d3Log[§+x]2+4b (bc-ad) (bc+ad) (c+dXx)

c
-1+Log|—+Xx]|| -

~Log[ ])
bx(2afbx)+2b2x2Log[§+x]72a2Log[a+bx] +

2b3c3Log[§+x]2+d2 (bc-ad)

b*> (bc-ad)

dx (-2c+dx) —2d2x2Log[§+x] +2c?Llog[c+dx]

]
c+dx
(bd (bc-ad) x (-2bc-2ad+bdx) -2a*d®>Log[a+bx] +2b*>c®Log[c+dx]) +

b(c+dx) d(a+bx)
—————L] +polylog[2, ————
bc-ad -bc+ad

d(a+bx) b(c+dx>
———] +Polylog[2, ——F
-bc+ad bc-ad

a+bx

2

Log[§+x} 7Log[§+x} - Log|

+

)

Problem 69: Result more than twice size of optimal antiderivative.

J(-FJrgx)

Optimal (type 4, 290 leaves, 9 steps):

4b3 3 (Log[%m} Log |

433 d? (Log[;+x} Log |

2
dx

a+bx)\"

A+BLog[e (

c+dx

B(bc-ad)gn (a+bx) (A+BLog[e (M)n])

B c+d x B
b2 d
(b-F—ag)z(A+BLog[e(ﬁ)n])2+ (F+gx)2(A+BLog[e(%)n])2+ 1
2b%g 2g b2 d?
a+bx\n bc-ad
B(bc-ad) (2bdF—bcg—adg)n[A+BLog[e ]Log[i +
c+dx b (c+dx)
B2 (bc-ad)2gn? Log[c+dx] B2 (bc-ad) (2bdf-bcg-adg) n?Polylog|2, J—m

+

b2 d? b2 d?



Mathematica 11.3 Integration Test Results for 3.2.1 (f+g x)~m (A+B log(e ((a+b x) over (c+d x))”n))~p.nb | 23

Result (type 4, 902 leaves):

- a+bx)n a+bx,)\2
2b2d*fx |A+BLog|e | -BnLog| 1+
2 b2 d? c+dx c+dx
a+bx)" a+bx,\2
b’ d?gx* |[A+BLog[e ’ | -BnLog| . I+
c+dx c+dx
a+bx)" a+bx
4defn(A+BLog[e )]—BnLog[ ]
c+dx c+dx

a+bx

| -bcloglc+dx]

(adLog[a+bx1 +bdxLog|

c+dx

n a+bx

a+bx
| -BnLog|

2Bgn |A+Blogle

c+dx c+dx

b
(adeLog[a+bx] -b (d (-bc+ad) Xerdzszog[aJr X

| +bc?Loglc+dx]
c+dx

+

2bB?dfn? [adLog[Z+x}2+bcLog[:+x]2—2adLog[Z+x} Log[a+bx] +

c c d(a+bx)
2adLog[7+x] Log[a + b x] —2adLog[7+x] Log[i] +
d d -bc+ad
a+bx a+bx,2 a
2adlog[a+bx] Log[ }+bdeog[ ] +2bcLog[7+x] Log[c+dx] -
c+dx c+dx b
c a+bx a
2bclog[— +x| Log[c+dx] -2bcLog| | Log[c+dx] -2bclog|~ +x]
d c+dx b
b d d b b d
Log[M} -2bcPolylog|2, M] -2adPolylog|2, M +
bc-ad -bc+ad bc-ad

BZgn? (2d (-bc+ad) (a+bx]

—1+Log[§+x]

—aZdZLog[erx}er

2

2b (bc-ad) (c+dx) —bzchog[§+x] +

—1+Log[§+x}

a+bx,2

] ) a+bx
n

b? d* x* Log

Log{§+x] —Log[§+x] - Log|

c+dx c+dx
(a®d’Log[a+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) +

b (c+dx) d(a+bx)
—] +PolyLog[2, e
bc-ad -bc+ad

2b%2¢?

Log[s+x] Log|

2a2d?

d b b d
Log[£+x] Log[u] +Polylog|2, M}
d -bc+ad bc-ad

Problem 70: Result more than twice size of optimal antiderivative.

a+bx
J(A+BLog[e(
c+dx

Optimal (type 4, 135leaves, 6 steps):

n 2

dx
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(a+bx) (A+BLog[e (M)n])z

c+d x N
b
28 (bc-ad)n (A«BLogle [22%]"]] Log[,2<2¢]  2B? (bc-ad) n?Polylog2, H22x ]
+
bd bd

Result (type 4, 421 leaves):
1

bd

2bdx+aB2dn2Log[i+x]2+szcn2Log[£+x}2+2aABdnLog[a+bx] -
b d

a c
2aB’dn?Log|[— + x| Log[a+bx] +2aB?dn?Log|~ +x]| Log[a+bx] -
b d

s C d(a+bx) a+bx)\"
2aB?dn?Log[— +x| Log|———] +2AbBdxLog|e ) +
d -bc+ad c+dx
) +bx)\" ) a+bx\" 2
2aB?dnlogla+bx] Log|e | +bB?2dxLog[e ) |"-2AbBcnloglc+dx] +
c+dx c+dx

2 2 a _ 2 2 < _
2bB“cn Log[ +x] Log[c+dx] -2bB“cn Log[ +x] Log[c +dx]
b d

b d
2bB%cnlog|e arbx n] Log[c +dx] —2szcn2Log{i+x] Log[M] _
c+dx b bc-ad
d b b d
2bB?cn?Polylog|2, M} -2aB*dn?PolyLog|2, M]
-bc+ad bc_ad

Problem 71: Result more than twice size of optimal antiderivative.

J(A+BLog[e (%)n])z

f+gx

dx

Optimal (type 4, 297 leaves, 9 steps):

(A+BLog[e (M)”})zmg[bbc;ad] (A+BLog[e (m)“])zmg[l_ @fcg) (2:0x) |

B crdx (crd x) crdx (bf-ag) (crdx) |
g g
2Bn (A+BLog[e (%)n]) PolyLog[Z, %]
. +
2Bn (A+BLog[e (%)n]) PolyLog|2, 1(2‘;—::;)(:”—‘%;—]
g +

2 .2 d (a+bx 2 .2 df-c a+b x
282n2 Polylog|3, J—Lb (de)} 2B82n2 Polylog|3, j—gu—waiag) (HdX)]

g g
Result (type 4, 1441 leaves):
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_ bf- d
-B2n? Log| bcrad Log[< 2g) (c+dx) g
d(a+bx) (df-cg) (a+bx)

2 _ a 2.2 a 2
A?Log[f+gx] -2ABnLog|—+x| Log[f+gx] +B2n?Log[— +x| Log[f+gx] +
b b

c a c
2ABnLog[E+x} Log[f+gx] -2B%n? Log[g+x] Log[g+x] Log[f+gXx] +

2 2 C 2 x\"
B2n?Log|— +x| Log[f+gx] +2ABLog[e ) | Log[f+gx] -
d

c+dx

282 n?PolyLog|3,

a arbx)n C a+bx)\"
2B2nlLog|— + x| Log|e ] Log[f+gx] +2B2nLog[— +x] Log[e )]Log[f+gx]+
b c+dx d c+dx
a+bx\" 2 a b (f+gx)
B? Log|[e ]" Log[f+gx] +2ABnLog[— +x| Log[ —————-] -
c+dx b bf-ag
b (f b (f
o Log[ 2 +x]* Log[ T EX L1 520 10g 2 1] Logle [22X]] Log[ LLETEXL
b bf-ag b c+dx bf-ag
d b (f d b (f
ZanzLog[i+x] Log[M Log w}fanzLog[g(CJr X) zLog[ (f+gx)
b -df+cg bf-ag -df+cg bf-ag
d bf- d b (f
2B2n2Log[g<C+ x) Log[< ag) (c+dx) Log| (+gx)]7
-df+cg (df-cg) (a+bx] bf-ag
bf- d b (f d(f
o2 g 125 ZEL 18R] 2 o0 B IE28X] ), g og[ € Log[ LT )
(df-cg) (a+bx] bf-ag d df-cg
d(f d(f
287 02 Log| 2 + x] Log[ & + x] Log[ L1 g2 2 Log [ € 1 x]7 Log[ LX)
b d df-cg d df-cg
d(f
2B2nLog[£+x] Log[e axbx)e Log[w}_
d c+dx df-cg
d d (f d d (f
ZBZnZLog[i+x] Log[M Log[w}+BZnZLog[g<c+ x) 2Log[ fex) -
b -df+cg df-cg -df+cg df -cg
d bf - d d(f
ZBZnZLOg[g<C* X) Lo < ag) (C+ x) Log (+gx>]+
-df+cg (df-cg) (a+bx) df-cg
BZnZLog[<b-F_ag> (c+dx) .2 [(—bc+ad> (f+gx)
(df—cg) (a+bx) (df_cg> (a+bx)
bf- d b
2Bn A+BLOg{e arbx n}+BnLog{( ag) <C+ X)] POlyLog[2, g(a+ X) _
c+dx (df-cg) (a+bx) -bf+ag
bf- d d
2Bn |A+BLog|e arbx n}+BnLog[( ag) (c+ X)] PolyLog |2, g (c+dx) )
c+dx (df-cg) (a+bx) -df+cg
bf- d b d
ZanZLog[< 2g) (c- X)}PolyLog[z, blc+dx) +
(df-cg) (a+bx) d(a+bx)
bf- d bf- d
2B2n2Log[< ag) (c+ X)}PolyLog[Z, ( ag) (c+ X)}+
(df-cg) (a+bx) (df-cg) (a+bx)
b (c+dx) (bf-ag) (c+dx)
(
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Problem 72: Result more than twice size of optimal antiderivative.

J‘(A+BLog[e (ﬁ)"])z

(-F+gx)2

dx

Optimal (type 4, 206 leaves, 4 steps):

(a+bx) (A+BLog[e (%)n])z 2B (bc-ad)n <A+BLog[e (%)n}) Log[l,fzi—::gﬁ%]

+

(bf-ag) (f+gx) (bf-ag) (df-cg)

28% (bc-ad) n?Polylog|2, i(z‘;—::%}

(bf-ag) (df-cg)

Result (type 4, 3524 leaves):
1

g(-bf+ag) (-df+cg) (f+gx)

—Azbdf2+A2bc-Fg+aA2dfg—aA2cg2+2Adef2nLog[§+x] -
2AbBc-anLog[E+x] +2AdefgnxLog[§+x} —2AbBcg2nxLog[§+x] -
szdfznzLog[§+x}2+bB2chn2Log[Eer]z—szdfgnzxLog[E+x]2+
szcgznzxLog[ﬁer]z—2Ade-F2nLog[§+x} +2aABngnLog[§+x} -
2AdefgnxLog[§+x} +2aABdg2nxLog[§+x] +2bBde2n2Log[§+x} Log[§+x] -
2aBdegn2Log[§+x} Log[§+x] +2bBdegn2xLog[§+x] Log[§+x} -

2aB2dg2n2xLog[§+x] Log[§+x} —szd-anzLog[§+x]2+aB2d-an2Log[§+x]2—

C C a+bx)\n
szngnzxLog[—+x}2+aB2dg2nzxLog[—er}szAdefzLog[e ’ +
d d c+dx
a+bx)" a+bx)" ) a+bx)"
2AbBcfglog|e | +2aABdfglogle | -2aABcg?log|e |+
c+dx c+dx c+dx
2 42 a a+bx)n ) a a+bx)\"
2bB>df?nlog|— +x| Log|e | -2bB2cfgnlog|— +x| Log|e +
b c+dx b c+dx
) a a+bx)n s a a+bx)n
2bB>dfgnxlog|— +x]| Log|e | -2bB2cg?nxLlog[— +x]| Log[e -
b c+dx b c+dx
2 42 C a+bx)n ) C a+bx)"
2bB>df?nlog|— +x]| Log|e | +2aB2dfgnlog|— +x| Log|e | -
d c+dx d c+dx
) C a+bx)n 2 4 2 C a+bx)n
2bB>dfgnxlog|— +x| Log|e | +2aB2dg?nxLog|— +x| Log[e ) -
d c+dx d c+dx
2 42 a+bx\",2 ) a+bx\", 2 ) a+bx\", 2
bB2df? Log|e ) |"+bB2cfglogle ) |"+aB?dfglog|e ) -
c+dx c+dx c+dx
a+bx)"

[g(c+dx)

aB?cg’logle
-df+cg

+

]Zfszzc-anZLog[ier] Log
c+dx b
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d d
ZaBzd'anzLog[i+X} LOg[M]—2szcg2n2xLog[i+x} LOg[M]_,.
b -df+cg b -df+cg
a g (c+dx) g (c+dx)
2aBzdg2n2xLog{E+X] Log{T]+l,_,BZC.f_-gr.|2|_og[T ~
~df+cg “df+icg
d d
_ + _ +
d - bf- d
aBzdgznzxLog[M]zfszchgnzLog[ﬂ} Log[< ag) (c+dx] +
~df+cg d(a+bx) (df—cg) (a+bx)
2aB*dfgn?lo [M (bf-ag) (c+dx]
g g d(a+bx) (df-cg) (a+bx)
ZszcgznzxLog[—bc+ad}Lo (bf-ag) (c+dx)
. Ly +
d(a+bx) (df-cg) (a+bx)
2aB2de?nx Lo [M} Lo (bf-ag) (c+dx)
g g d(a+bx) (df-cg) (a+bx)
2bBZC'an2LOg[M Log{(bffag) <C+dX>
-df+cg (df-cg) (a+bx)
ZaBZngnzLog[M] Log[(bf—ag) (c+dx),
-df+cg (df-cg) (a+bx)
2bBcelnxL [g<C+dx) [(b-F—ag) (c+dx)
cg’n’xlog|——L .
g g “df+cg g (df—cg) (a+bx)
ZaBzdgznzxLog[M Lo [<bf’ag) <C+dX) N
-df+cg (df-cg) (a+bx)

(bf-ag) (c+dx)

bB2cfgn?Log|

]zfaBzdfgnzLog[

(
(df-cg) (a+bx] f-cg) (a+bx)
bf- d bf- d
szchnzxLog[( 2g) (o X>]2—a82dg2n2xLog[< ag) (c+dx) 2
(df-cg) (a+bx) df-cg) (a+bx]
b (f b (f b (f
2Adef2nLog[w]+2AbBcfgnLog[w}72Ade-anxLog[w 4
bf-ag bf-ag bf-ag
b (f b (f
2AbBcg2nxLog[w]+2b32d1c2n2|_0g[i+x} Log| ( +gx)]_
bf-ag b bf-ag
b(f b (f
2aBzdfgn2Log{i+x} Log[w]+2b52d-f-‘gn2x|_og[i+x} Log[w _
b bf-ag b bf-ag
b (f b (f
ZaBngZnZXLog[ier] LOg[(-Fg)()]ZszdfanOg[e(aerX n] Log[w}Jr
b bf-ag c+dx bf-ag
b (f
2bB2cfgnLog[e arbx n]Log[w]—ZszdfgnxLog[e a+bx ”}
c+dx bf-ag c+dx
b (f b (f
Log[w]+2szcg2nxLog{e(a+bx n} Log[w}_
bf-ag c+dx bf-ag
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d b (f d b (f
Zszdfznzmg[g(U X>]L0g[ < +gx)}+2b32cfgn2Log[7g<c+ X)}Log[ ( +gx)}_
-df+cg bf-ag -df+cg bf-ag
d b (f
2szd'an2XL0g{M Log{w +
-df+cg bf-ag
d b (f d(f
ZbBZCgZHZXLOg[M Log w}+2Adef2nLog[w}7
-df+cg bf-ag df-cg
a1f d (f d (f
ZaABdfgnLOg[&}+2Ade'anx|_og[ < +gx)}—ZaABdg2nxLog[ < +gX)}_
df-ceg df-cg df-cg
d(f d (f
26820 7 Log [« x] Log[ BV} L am2argn Log % +x] Log LLETEX)
b df-cg b df-cg
d(f d (f
2bB2d-an2xLog[i+x] Log[w] +ZaBzdg2n2xLog[i+x] Log[w] .
b df-cg b df-cg
d (f d (f
2szdf2nUg[e(a+bX wlmg[—i—igil}72aBdegnlng[e arbx Wlﬁg[—i—igil +
c+dx df-cg c+dx df-cg
5 a+bx)n d(f+gx)
2defgnxmgh( Log[ ————] -
c+dx df-cg
n d (f
2aB2dg2nxLog[e(iigi }[Dg[gigiﬁil}+
c+dx df-cg
d d (f d d (f
2bBde2nZLog[g<c+ X) Log| < +gx)}72szcfgn2Log[§i£i—il Log[—i—igil +
-df+cg df-cg -df+cg df-cg
d d(f
2bBdegn2qu[§i£:—il Log _l_i§fl _
-df+cg df-cg
d d(f
2bB2cg2n2XLog[M Log w}_'_zBZ (bc—ad)gn2 ('F+gx)
-df+cg df-cg
b d
PolyLog|2, M] -282 (bc-ad) gn® (f+gx) PolyLog|2, M _
-bfrag -df+cg
b d b d
ZbBZC.anzpolyLOg[z, M] +2aB2d.an2P01yLog[2’ M] ~
d(a+bx) d(a+bx)
b d b d
2bB2cg2n2xPolyLog[2,‘AXEJQAKX]4.2aBngZn2xp01yLog[2,Aggiigfl
d(a+bx) d(a+bx)

Problem 73: Result more than twice size of optimal antiderivative.

J\(A+BLog[e (ﬁ)n])z

('F+gx)3

dx

Optimal (type 4, 389 leaves, 9 steps):
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B(bc-ad)gn (a+bx) (A+BLog[e (M)n”

c+d x

(bf-ag)? (df-cg) (frgx)

+

b (A+BLog[e (22x)"] ) ) (A+BLog[e (22X)"] )" ) B2 (bc-ad)”gn? Log| ]
2g (bf-ag)?

.
2g(f+gx)2 (b-F—ag)Z(d-F—cg)2

(B (bc-ad) (2bdf-bcg-adg)n (A+BLog[e n}) Log[1 - (df-cg) (a+bx)

(bf-ag) (c+dx)} /

, , B2 (bc-ad) (2bdf-bcg-adg)n?Polylog[2, (4i-ca(a:x]
((b-F—ag) (df-cg) )+

a+bx

c+dx

(bf-ag) (c+dx)

(bf-ag)?(df-cg)®
Result (type 4, 18311 leaves):

. (A+B (Log[e (%)n] —nLog[M]))z

c+d x N
2g (f+gx)?
2Bn(A+B Log|e a+bx)n]—nLog arbx 1 g(§+x> B
c+dx c+dx 2g (ﬁaf)g(l%]
b
g | Z+x
e [30x)] . 2 (] Log[_”}_mg[l- : b:} a1
A T B e |
b b
ool el s |
e () (et el G i
d
Log[l—g_git_;)"} 77Log[§+x]+Log[j+x]+Log[c+‘Zx+::X]
(—'F+C—dg>2 2g (f+gx)?
S el;-x) T L] e
L N e R I N
PR B N N L
b
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a b x
+

c+dx c+dx

(—Log[§+x] +Log[§+x] + Log|

(—Log[i+x}+Log[j+x}+Log[cjjx+ci’ﬁ”2+l
2g (frgx)? g
g +X
g2(*+x)2 2g(§+x) Log[1- +ﬁ]
71 + Log[7+x] + bz +
2 (-F+28)" - sl -+ 28] 1ol Ay
b -f+2= b 'F*b
. } g(i”() Log[l—gif::;;] Polylog|2, 4(4’—“{:{;} 1
LOg[erX . - 2 - 2 -
= A
b
g +X
1 gz(—+x)2 2g(5+x) 5 Log[1- , %]
- S+ - Log[g+x] + e +
o)t et o
d
. } g(§+x) Log[l—gif:;;] PolyLog[Z, gﬁ ;;}
Log[— +x - - 5 - ) -
g e |
d
1 11 b('F+gX) 1 dg(5+x)
— | = = L — L —L
£2 g2 I_Og{bﬂ(} o8|+ ] toe] bf-ag +2 % -df+cg
dg(9+X) b (f+gx) d (f+gx)
a d
- — L L Log
2I_og[bJrX}Jr og[ -df+cg og[ bf-ag } [ —df+cg} ' [
dg (€ +x d(bf-ag) [5+x b (f+gx d(f+gx
#)} Log[— ( >(d ) } —Log[ ( * )]+Log[ ( )
-df+cg b(-df+cg) (§+x) bf-ag -df+cg
d(bf-ag) (S+x _b d b (f+gx
lLog[— ( )(d ) ]2 Log[¥]+LOg[g _
2 b(-df+cg) (%er) bd(5+x) bf-ag
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(-bc+ad) (f+gx) d(bf-ag) (§+x)

c
Log| - + |Log| — + x| - Log| -
Colareen po e L g
bg |, +x d(bf-ag) [S+x
polyLog[zl_M}_'_ Log[i+x]+Log[_ ( >(d )
bf-ag b b(—d'F+Cg) (§+x)
dg (S +x d(bf-ag) (S+x [
PolyLog|2, (d)]+L°g[ | (o] | |Polytog[2, <] -
~df+cg b(—df+cg)(§+x) 2 x
d(bf-ag) [S+x bg (2 +x
Polylog[2, - ( )(d ) ] —PolyLog[B,_i(b ) _
b(-df+cg) (§+x) bf-ag
dg [ +x €4 x d(bf-ag) [S+x
Polylog|3, M} - Polylog|3, d ] +PolyLog[3, - ( ) (d ) .
-df+cg §+X b(—d'F+Cg> (§+x>

2ab 2a%b (f+gx) b b (f+g
gz 1 <bf_ag) ((bfa—a)g()2+ a(‘bf—agg);( ) B <bf_ag) X (bf—);g+a(bf—ag;(2)
g b(-F+gx) b(-F+gx>2

a( b x +ab(f+gx))
bf-ag (bf-ag)?

Log[a x| Log[c x| - |2b (-df cg) (a X
-+ —+ - - + —+
b (f+gx) b d b
cd(pf-ag) (frx)  ad(5ex] (bf-a8) (70~ Tarset)
+

latecn (1on) nlarien 1] | bleen

-b d -b d) (f
[b(—df+cg> (Eﬂ( ~ (-bc+ad) x +c( c+ad) (f+gXx)

b(-df+cg) (ﬁ+x) b<—df+cg)2(§+x) /
d(bf-ag) (x| //@<bfiag>(§+

(b-F—ag) ( 2abx +2a2b(1:+gx)) (b-F—ag) X( b x +ab(f+gx))
(bf-ag)? (bf-ag)? bf-ag (bf-ag)?

b (f+gx) b (f+gx)?

((—bc+ad) <'F+gx)>

Q)+

a(b_X+Mgl)_) (—d‘F+Cg) ( 2cdx 2c2d(f+gx)>

bf-ag (bf-ag)? (-df+cg)? B (-df+cg)?

b (f+gXx) d(f+gx)

Log|-

J

b(—df+cg)(§+ﬂ

(—df+cg)x(— dx + cd(f+gx)) C( dx +cd(‘F+gx))

_ c
-df+cg (-df+cg)? -df+cg (-df+cg)? dg (d +X)

-df+cg

d<F+gx)2 d(f+gx) Log|
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2abx 2a’b (f+gx)
Log[— d <bf_ag) (§+X) ]+l (bfiag> ((b'F—ag)zJr (bf-ag)?

b(-df+cg) (§+x) 2 b (f+gx)

(bf—ag)x( b x +ab(‘F+gx)) ( b x +ab(f+gx))
bf-ag (bf-ag)? bf-ag (bf-ag)?

b (f+gx)? b (f+gx)

2c (-bc+ad)x 2c? (-bc+ad) (f+gx)

/

+

[b (-df+cg) (§+x)

b(—df+cg)2(§+x) b(—df+cg)3(§+x)

(—bc+ad) X

((-bc+ad) (f+gx)) - |b(-df+cg)x 2 ix

b <—d'F+Cg> (§+x)

c(-bc+ad) (f+gx)

/((7bc+ad) (Frgx)?)

b(-df+cg)? (§+x)

a _ (-bc+ad) x c (-bcrad) (f+gx)
bc(b+x) b (-dficg) (2x) +b<<jf+cg>2(2+x)) Log] d(bf-ag) (§+X) }2
og| - +
(-bc+ad) (f+gx) b(-df+cg) (i+x)

bf-ag (bf-ag)? -df+cg (-df+cg)?

[ (bf-ag) (b_x+Mg1)_) ) (-df+cg) (_ dx cd(F+gx))
b (f+gx) d(frgx)

cd(bf-ag) (§+x) ad(§+x)

b (—d-F+cg)2 (§+x) ' b (-df+cg) (§+x)

dg (£ +x
Log| (d ) /(d (bf-ag) (£+x]) + 1
-df+cg d dg(g+x)
cdg (£ +x d(<+x d(bf-ag) [S+x
(—d'F+Cg> (d )+ (d ) LOg < )( ) .
(-df+cg)? -dfecg b(-df+cg) (§+x)
cdg [S+x d(€+x
1 (7df+cg) B (d )+ (d )
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cdg (£ +x d|-+x b (f+gx d(f+gx
e I P N LY 23 £ U (27 L
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b (f+gx) d (f+gx)
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b -df+cg bf-ag -df+cg
dg (S+x d(bf-ag) [S+x
Log[ (d ) Log |- < )(d )]
-df+cg b(-df+cg) (§+x)
b (f+gx) d(frgx) | 1 d(bf-ag) (S+x) ,
-Log| | +Log|- ||+ = Log|- ]
bf-ag -df+cg 2 b(-df+cg) [*+x
b
_ b (f -b d) (f
Log| bca+ad I+ Log] b(f+gx>]_|_og[_( c+ad) ( :gx)] .
bd(g+x) -ag b(-df+cg)(;+q
d(bf-ag) [S+x bg (2+x
Log[— +x] - Log|[- ( )(d ) PolyLog{Z,—M +
b(-dficg) 2+x) bf-ag
dbf-ag) [S+x dg [£+x
Log[i+x}+Log[f ( )(d ) Polylog|2, (d )
b b(-df+cg)(§+x) -df+cg

d(bf—ag)(§+q

Log |-

]

b(-df+cg) (§+x)

€4 x d(bf-ag) (S+x|
PolyLog|2, d | -Polylog|2, - d -
%*X b(—d'F+cg) (i+x)
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bg (2+x dg (S+x
Polylog|3, —M] - PolylLog|3, M -
bf-ag -df+cg
€4 x d(bf-ag) (5+x)
Polylog|3, d | +PolyLog|[3, - d
o b(-df+cg) (§+x)

Problem 74: Result more than twice size of optimal antiderivative.

J‘(AJrBLog[e (%)n])z

(-F+gx)4

dx

Optimal (type 4, 747 leaves, 12 steps):

B2 (bc-ad)?gin? (c+dx) ) B(bc-ad)g2n (c+dx)? (A+BLog[e (M)“”

c+d X

+

3(bf-ag)®(df-cg)’ (f+gx) 3(bf-ag) (df-cg)® (F+gx)?
cran) )/

b3 (A+BLog[e (m)n])z )

(ZB(bc—ad)g(3bdf—bcg—2adg)n(a+bx) A+Blogle

c+d X

3lof-2g) (4 cq)® (Frp) | T e

a-niole (227]")]" @ (bc-ac)’ e ot Log[202] 8 [bc-ac)’ g Log  CE)
+ —

c+d X c+d X c+d X

3g(1:+gx)3 3(bf—ag)3(df—cg)3 3(bf—ag)3(df—cg>3

282 (bc-ad)2g (3bdf-bcg-2adg) n? Log| ££X |

c+d x

3 (b-lc—ag)3 (d-F—cg)3
(ZB (bc-ad) (a®d’g’-abdg (3df-cg) +b* (3d°f>-3cdfg+c*g?))n

n

(df-cg) (a+bx)
(bf-ag) (c+dx)

a+bx

(A+BLog[e Log[1 -

] /(3 (bf-ag)’ (df—cg>3) +

c+dx
(282 (bc-ad) (a®d*g’-abdg (3df-cg) +b* (3d*°f*-3cdfg+c®g?))

(df-cg) (a+bx)
(bf-ag) (c+dx)

n® Polylog|2,

] /(3 (bf-ag)’ (df—cg)B)

Result (type 4, 55186 leaves) : Display of huge result suppressed!

Problem 75: Result more than twice size of optimal antiderivative.

J(A+BLog[e (%)n])z

(-F+gx)5

dx
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Optimal (type 4, 1208 leaves, 15 steps):
Bz(bc—ad)2g3n2 (c+dx)2 Bz(bc—ad)g’g3n2 (c+dx)

+

12 (bf ag)? (df cg)* (Figx)® 6(bf ag)’ (df cg)® (frgx]
B2 (bc—ad)zg2 (4bdf-bcg-3adg)n? (c+dx)
4(bf-ag)’(df-cg)’ (frgx)

+

B(bc-ad)g’n(c+dx)? (A+BLog[e (M)n” i

c+d x

6 (bf-ag) (df-cg)* (f+gx)?

a+bx

(B (bc-ad)g®(4bdf-bcg-3adg)n (c+dx)2

1))/

(B (bc-ad)g(3a®d*g>-2abdg (4df-cg)+b> (6d°fF -4cdfg+c’g?))

c+dx }]
b4 (A+BLog[e (m)n])Z ) (A+BLog[e (m)n])Z B2 (bC—ad)4g3n2Log[ﬂ}

c+d X c+d X c+d X .

4g (bf-ag)* ag (frgx)* 6(bf-ag)* (df-cg)’

A+Blog|e (

c+dx
(4 (bf-ag)® (df-cg)’ (Frgx)?]+

a+bx

n(a+bx) A+BLog[e /(Z(bf’ag>4<df7cg)3(-F+gx))+

o (bc-ad)’ g (4bdF beg-3adg) n?Log[ 2]

c+d X

+

4(bf-ag)*(df-cg)’

B2 (bc-ad)*g>n?Log[™8*] B2 (bc-ad)’g? (4bdf-bcg-3adg)n?Llog|™E]

c+d x c+d X

6(bf7ag)4(dffcg)4 4(bf7ag>4<df7cg)4

(BZ (bc-ad)’g (3a?d’g?-2abdg (4df-cg) +b? (6> 2 -4cdfg+c?g?)) nZLog[h%})/
c+d4adX

(2 (bf-ag)* (df—cg)4) -
(B (bc-ad) (2bdf-bcg-adg) (2abd*fg-a*d*g>-b® (2d*f*-2cdfg+c®g?))n

n

a+bx (df-cg) (a+bx)

(bf-ag) (c+dx)

(A+B Log|e

] /(2 (bf-ag)* (df—cg)“) -

}) Log[1 -

c+dx
(Bz (bc-ad) (2bdf-bcg-adg) (2abd*fg-a*d*g>-b® (2d*f*-2cdfg+c’g?))

(df-cg) (a+bx)
(bf-ag) (c+dx)

n’ Polylog|2,

] /(2 (bf-ag)* (df—cg)4)

Result (type 4, 142969 leaves) : Display of huge result suppressed!

Problem 97: Result more than twice size of optimal antiderivative.

J(ag+ng)4

2

e(a+bx) 5
R — X

A+Blog|

c+dx

Optimal (type 4, 365 leaves, 8 steps):
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B(bc-ad)g!(a+bx)* (A+BLog[—(—)—e abx ”

c+d x

lobd
g' (a+bx)® (A+BLlog[=22])* B (bc-ad)’g" (a+bx)’ (4A+B+4BLog[ 22 ]|
+

c+d X c+d X

>b 30 b d?
B(bc-ad)’g (a+bx)? (12A+7B+12BLog[ =22 ]|

c+d x

+

60 b d3
B(bc-ad)*g* (a+bx) (12A+13B+12BLog[==2x ]

c+d X

30b d
B(bc-ad)” g Log[ "=t ] (12A+25B+128 Log[ =222 ]|

(c+d x c+d x

+

30bd®

2 BZ (b c-a d)s g4 POlyLOg[ZJ %}

5bd’
Result (type 4, 2878 leaves):

8a°B2 2b*B?c® 12ab®B?c* 6a?b?B?c® 8a’bB?c? 28a*Bic ,
- + - + - + +a” AT X+
5b 5d° 5d*4 d? d? 5d

4

8 , 23 , , 2Ab*Bc*x 13b*B?c*x 2aAb3’Bc*x 59ab’B?cix
—a"ABx+ —a" B x+ + - -
5 30 5 d* 30 d* d? 30d3
4a°Ab*Bc?x 17a’b’B?c’x 4a’AbBcx 79a’bB?cx 32, .2 6 5 )
+ - - +2a°’A°bx + —a>AbBx" +
d? 5 d? d 30d 5
13 , ., , Ab*Bc*x? 7b'B2c*x* aAb’Bc?x? 9ab’B2c?x* 2a’Ab?Bcx?
— a°bB“x° - - + + -
60 5d3 60 d* d? 20.d? d
11a%b?B2cx? 8 1 2Ab*Bc?2x3 Db*B2c?x3
T +2a%A?b?x3+ —a?Ab?Bx®+ —a?b?Bix3+ + -
20d 15 30 15 d? 30 d?
2aAb3Bcx® ab3BZcx? 1 Ab*Bcx* 1
- +aA?b3x*+ —aAb?Bx - —————— + S AKX+
3d 15d 10 lod 5
8aSBzLog[§+x] 2ab3Bzc4Log[§+x] 2a2b282c3L0g[§+x] 4a3szc2Log{§+x]
+ - + -
5b 5d* d3 d?
4 p2 a 5 Rp2 a 2 4 np2 ~5 c 3 R2 A4 c
4a BcLog[b+x] a’ B Log[b+x] 2b*B*c Log[d+x] 2ab’*B°c Log[d+x]

+ - + -

d 5b 5d° d*

+

4a2b282c3Log[§+x} 4a3szc2Log[j+x} 8a4Bchog{§+x] b“BZc-r’Log[§+x]2

+ - + -

d? d? 5d 5d°
ab3B2c4Log[i+x]2 2a2b282c3Log[§+x}2 2a3szc2Log[§+x]2
d* ' o ) o i

a“Bchog[9+X]2 5 5 R2 22 R2 (3
d 2a°ABlogla+bx] 23a°B“Logla+bx] a*b*B“c’Log[a+bx]
+ - + -

d 5b 30b 5d3

13a3bB2c2log[a+bx] 43a*B2clogl[a+bx] 23> B? Log[§+x] Log[a +bx]
+ - +

15 d? 30d 5b
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2a5B2Log[§+x] Log[a + b X] 2a5B2Log[§+x] '-Og[dit—ztﬂ S amxL [e<a+bx)
- +2a X Log| — | +
5b 5b & c+dx
8 e (a+bx) 2b4Bzc4xLog[—(—)—eca;bxx] 2ab332c3xLog[—‘—Leca;bx"}
—a*B?x Log| + . - - +
5 c+dx 5 d* d?
2 k2 p2 ~2 e (a+bx 3 2 e (a+tbx
4a2b2B2c xLog[J—L“dx ] 74a bB chog[J—Lﬁdx +4a3Abe2Log[e<a+bX> .
d? d c+dx
402 ~3 2 e (a+bx) 3p2 ~2 U2 e (a+bx)
§a3bBZX2LOg[e<a+bX> _b BT 7 X LOg[ c+dx }+ab BT cTx LOg[ c+d x ]_
5 c+dx 5 d3 d?
2 a2 b2 B2 ¢ x? Log | &20xL b b
[ crdx }+4a2Ab2Bx3Log[4e (2 X>]+ia2szZX3Log[4e (a+bXx) +
d c+dx 15 c+dx
4 n2 ~2 U3 e (a+bx) 3 p2 3 e (a+bx)
2b*B*cx Log[ o ]72abch Log[ i +2aAb3Bx4Log{e<a+bX)}+
15 d? 3d c+dx
b b4 B2 ¢ x4 Log | &@0xL b
iabSBZX‘lLog[e(aJr X) B [ c+d x }+3Ab4Bx5Log[M]+
10 c+dx 10d 5 c+dx
2a°B? Log[a+bx] Log[&&bxL b b
[ crdx ]Jra“BzxLog[i(e (a-bx) 2+2a3’szx2Log[7e (a+ X)}2+
5b c+dx c+dx

b b b
232b252X3L°3[M 2+ab3Bzx4Log[M 2, Lpgeys Log[m 2

c+dx c+dx 5 c+dx
2Ab*Bc®Log[c+dx] 13b*B2c’Log[c+dx] 2aAb3Bc*Loglc+dx]
5 d5 ) 30 d° i d :
53ab3B2c*log[c+dx] 4a’Ab?Bc3log[c+dx] 38a2b?B2c3Llog[c+dx]
30 d4 ) o3 ) 15 d3 :
4a>AbBc?log[c+dx] 6a*bB?c?log[c+dx] 2a*ABclog[c+dx]
o i 5 42 ) d :

2b4B2c5Log[§+x] Log[c +dx] 2ab3Bzc4Log[§+x] Log[c +dx]

- +
5d° d4
4 32 b2 B2 3 Log[§+x} Log[c+dx] 4a3bB2c? Log[§+x] Log[c +dx]
- +
d? d?
2a4Bchog[§+x] Log[c+dx] 2b*B2c5 Log[§+x} Log[c +dx]
- +

d 5d°
2ab3B2c4Log[j+x} Log[c +dx] 4a2b2B2c3Log[j+x] Log[c +dx]

- +

d* d?
4 a® b B? c? Log[§+x} Log[c +dx] 2a4Bchog[§+x} Log[c +d x]
o ) d )
2b*B2c5 Log{e—(:*d%)—] Log[c+dx] 2ab3B2c* Log[ﬂca;%ﬂ Log[c +dx]
. _
5d° d4
4 32 b2 B2 3 Log[ﬂc"“;—bx")—] Log[c+dx] 4a3bB2c? Log[e—(:';—bx")—} Log[c +dX]

+ —

d3 d?

| a9
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2a4B2cLog[gM} Log[c +dx] 2b4Bzc5Log[ﬁ+x] Log[w}

c+d X _ bc-ad
d 5d°
2ab3B2c? Log[ﬁ+x} Log[—(—)—bbzt:;‘ | 4a’p?B%c? Log[§+x] Log{J—)—bbzi:;‘ ]
d ) o3
4a3szc2Log[§+x} Log[%)—] _2a4Bchog[§+x} Log[%)—] 1
d? d 5d°
d(a+bx>
2B%c (b*c*-5ab>c>d+10a’b>c*d’-10a*bcd’ + 5a% d*) Polylog|2, Tociagl”
~bc+a

5 B2 bleidx)
2a°B? Polylog |2, 2o ]

5b

Problem 98: Result more than twice size of optimal antiderivative.

J(ag+ng)3

2

e (a+bx) 5
_ X

A+BLog|
c+dx

Optimal (type 4, 309 leaves, 7 steps):
B(bc-ad)g?(a+bx)’ (A+BLog{—(—)—e arbx ”

_ c+d x
6bd
g? (a+bx)4(A+BLOg[g$L})2+B(bc—ad)zg3 (a+bx)2(3A+B+BBLog[gC%L”
4b 12 b d?
8 (bc-ad)’g (a+bx] (6A+ 58+ 6BLog[ 2]
12 b d?
B (bc—ad)4g3L0g[7bb(:Z:)} (6A+118+68Log[4—uc‘szx ” _BZ (bc-ad)*g® PolyLog[2, %}
12bd* 2 b d

Result (type 4, 2110leaves):
1

12 b d*

g’ |-6b*B>c*+30ab®B>c3>d-60a*b’B2c>d’+54a*bB?cd®*-18a*B2d*-6Ab*Bc>dx-5b*B2¢3

dx+24aAb3Bc?d?’x+17ab3>B?>c?d?’x-36a2Ab?2Bcd3>x-19a’b?B2cd®*x+12a3A’bd*x +
18a3AbBd*x+7a’bB2d*x+3Ab*Bc?d?x?+b*B?c?d*x?-12aAb3Bcd®*x?-2ab3B2cd®x?+
18a%A’b2d*x?+9a2Ab?Bd*x?+a’b?B?2d*x?-2Ab*Bcd®x*+12aA’b3d*x3>+2aAb3Bd*x3+

a a a
3Ab*d*x* -6ab®B?c®dLlog[— + x| +24a’b?B?c?d’ Log[— + x| -36a’bB2cd®Log[— +x]| +
b b b

18a482d4Log[§+x} +3a432d4Log[%+x]2+6b482c4Log[§+x} -24ab382c3dLog[5+x] -

Q.

36a2b282c2d2Log[§+x} —1833b82cd3Log[§+x} —3b4Bzc4Log[§+x]2+

c c c
12ab3Bzc3dLog[—+x]2—18a2b282c2d2Log[—+x]2+12a3bB2cd3Log[—+x}2—
d d d
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3a’b?B2c?d?’Log[a+bx] +10a*>bB>cd3®Log[a+bx] +6a*ABd*Log[a+bx] -

7a4Bzd4Log[a+bx]76a4B2d4Log[§+x} Log[a+bx]+6a4BZd4Log[§+x} Log[a+bx] -
d b b
Lach axj ] —6b4Bzc3deog[7e <ca+dxx> |+
- + +

b b
glarnx) iaer d ] —36a2b2B2cd3xLog[7e (ca+d X) +

+dx +dX

b b
S i (a+d X) ] +18a3bB2d4xLog[7‘3 (a+d X) ] +

c+dx c+dx

b b
elarax) <a+d d ] —12ab3Bzcd3x2Log[7(e <a+d X) +
c+dx c+dx
e (a+bx) e (a+bx)

6a4BZd4Log[§+x] Log|
24 ab®B*c? d’ x Log|
242> AbBd*x Log|
3b*B% c?d? x? Log]|
36 a> Ab? B d* x? Log| | +9a%b?B?d*x? Log|

c+dx c+dx

b b
elaxax) (ax X>]+24aAb3Bd4x3Log[7e (ax X>]+

c+dx c+dx

b b
efarbx) X>]+6Ab4Bd4x4Log[7e (- X>]+
c+dx c+dx
e (a+bx)

2b*B? c d® x? Log|

2ab’B?d*x? Log|

b
y ]+12a3szd4xLog[#]2+
c+dx c+dx
b b
e(a"—dX>]2+12ab3B2d4X3|_0g[e<a+dX>]2Jr
c+dx c+dadX
e (a+bx)

6 a*B?d* Log[a +bx] Log|
18 a® b? B2 d* x? Log |

3b*B? d* x* Log| ]2+6Ab4Bc4Log[c+dx} +5b*B2c* Log[c+dx] -

c+dx
24aAb>Bc3dlog[c+dx] -14ab3>B2c®dlog[c+dx] +36a*Ab2Bc?d?Log[c +dx] +

a
9a?b?B?c?d’Log[c+dx] -24a°AbBcd®Log[c+dx] -6b*B?c* Log[~ + x| Log[c+dx] +
b
a a
24ab>B? 3 dlog|— +x| Log[c+dx] -36a?b?B? c?d? Log[ — + x] Log[c+dx] +
b b
a c
24a*bB*cd®Log|— + x| Log[c+dx] +6b*B?c*Log|— +x| Log[c+dx] -
b d

c c
24ab>B*c*dLog[— + x| Log[c+dx] +36a?b?B?c?d? Log| — + x| Log[c+dx] -
d d

b
24a3szcd3Log[£+x] Log[c+dx1+6b“BZc4Log[e<a+ X>}Log[c+dx]—
d c+dx
3 Rp2 ~3 e<a+bx> 22 Rp2 ~2 42 e<a+bx>
24ab3B*c*dLog| y | Log[c+dx] +36a%b? B2 c?d” Log| y | Log[c+dx] -
c+dx c+dx
b b d
24a3'szcd3Log[e<a+ X>]Log[c+dx]+6b4B2c4Log[i+x} Log[u}—
c+dx b bc-ad
b d b d
24ab3Bzc3dLog[§+x] Log[%]+36a2b282c2d2L0g[i+x] LOg[M]*
c-ad b bc-ad
b (c+dx)

24a3szcd3Log[§+x] Log| | +6bB2c (b°c®-4ab*c*d+6a’bcd’-4a’d?)

bc-ad

d b b d
dlarbx) | -6a*B2d*PolyLog|2, blcrdx)

PolyLog|2,
-bc+ad bc-ad

]
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Problem 99: Result more than twice size of optimal antiderivative.

J(ag+ng)2

2

e(a+bx) 5
— L X

A+BLog|

c+dx

Optimal (type 4, 253 leaves, 6 steps):
B(bc-ad)g?(a+bx)? (A+BLog[ﬂML”

_ c+d x
3bd
g2 (a+bx)’ (A+BLog[ﬂ$ﬂ)2+B(bc_ad)2g2 (a+bx) (2A+B+2B Log[ =X ]|
3b 3 b d?
B (bc—ad)-”gzl_og{ﬁ} (2A+38+28Log[ﬂc:—b;>—]) +252 (bc—ad>3g2p01yLog[2, 4—“(32;
3bd?3 3bd3

Result (type 4, 1292 leaves):

1 ZaZAB(adLog[aerx]+bdeog[gc%L]—bcLog[c+dx})
2A2x+aA’bx®+ —AZb%2x3 4+ . +
3 bd

2

8

1 (bc—ad)x(Zbc+2ad—bdx)
—AHB( +
3 b2 d?

2a’Llog[a+bx]

+2)(3L0g[e (a+bx) 72(:3 Log[c +dx]
b3 c+dx d?

+

bcx a?logla+bx] 5 e(a+bx) bc?Llog[c+dx]
ax- - +bx? Log| +
d

b c+dx d?

2aAB

+

aZ BZ

bd

a 2 C 2 a
adLog[g+X] +bcLog[g+x] —2adLog[g+x} Log[a+bx] +

c c d(a+bx)

2adlog|— +x] Logla+bx] -2adLog|[~ +x]| Log[ ——"] +
d d -bc+ad

e (a+bx) e (a+bx)

2adlogla+bx] Log| | +bdxLlog| ——

a
}2+2bcLog[—+x] Log[c+dx] -
c+dx c+dx b

c e(a+bx) a
2bcLog[7+x} Log[c +dx] —ZbcLog[ ]Log[c+dx] —2bcLog[7+x]

d c+dx b

b (c+dx) d(a+bx) b (c+dx)

| -2bcPolylog|2, | -2adPolyLog|2,
bc-ad -bc+ad bc-ad

]

+

Log |

iaB2 2d (-bc+ad) (a+bx) [—1+Log[§+x])—aZdZLog[§+x]2+

2b (bc-ad) (c+dx]

—1+Log[§+x]

-b2c? Log[§+x]2+

b b
o Log [ S Log{g“‘] -Log[iﬂ] Lo #1270

c+dx c+dx

(a*d*Log[a+bx] -b (d (-bc+ad) x+bc?Loglc+dx])) +
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b d d b
2 b? c? (Log[a+x} Log[M} +P01yLog[2, M .
b bc-ad -bc+ad
d(a+bx) b (c+dx)

2a%d? | +PolylLog|2,

-bc+ad bc-ad
e(a+bx) 2 1

]

Log[§+x} Log |

)+

4d(-bc+ad) (bc+ad) (a+bx)

1
b?B? | = x° Log| -
3 c+dx 6 b3 d?

—1+Log[§+x]

2a3d3Log{§+x]2+4b (bc-ad) (bc+ad) (c+dx)

c
-1l+Log|—+Xx]|| -
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bx(2afbx)+2b2x2Log[§+x]72a2Log[a+bx] +

2b3c3Log[§+x]2+d2 (bc-ad)

b> (bc-ad) [dx (-2c+dx) —2d2x2Log[£+x] +2c?log[c+dx]

e(a+bx

— a

2

Log[§+x} —Log[§+x} - Log|

c+dx
(bd (bc-ad) x(-2bc-2ad+bdx) -2a*d’>Log[a+bx] +2b>c®Log[c+dx]) +

b(c+dx) d(a+bx)
7} +PolyLog[2, _—
bc-ad -bc+ad

+

)

Problem 100: Result more than twice size of optimal antiderivative.

J(ag+ng>

4b3c3 (Log[2+x} Log|

d b b d
7(a+ X) | +PolyLog|2, —(C+ X)

4 3% d? (Log[£+x} Log|
d -bc+ad bc-ad

]

2

e (a+bx) 4
—_ X

A+BlLog|

c+dx

Optimal (type 4, 180 leaves, 5steps):

B (bc—ad) g (a+bx) (A+B|_og{ﬂm>_]) g (a+bx)2 (A+BLog[e(a*bX3 })2
B +

c+d x c+dx _
bd 2b
B (bc—ad)ZgLog[ﬁ] (A+B+BLog[ﬂ$)—}) B2 (bc-ad)?gPolylog|2, —(—Ls(::zi)]
b d? b d?

Result (type 4, 733 leaves):
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1 2aAB adLog[a+bx}+bdeog[gM}—bcLog[c+dx])
aA’x+ —A’bx?+ cdx +
2

g
bd

bcx a?logla+bx]

AB

+

ax- +bX2|-Og[e(a+bX> +bC2LOg[C+dX]

d b c+dx d?

1 a 2 C 2 a C
——aB?|adlog|—+x| +bclog[—+x| -2adLog|—+x| Log[a+bx] +2adLog|— +x]|
bd b d b d

e (a+bx)
| +2adlogla+bx] Log[ ——| +
-bc+ad c+dx

c d(a+bx)
Log[a + b x] 72adLog[E+x] Log[ ——+

e(a+bx) )

a c
bdxLog| |"+2bclog[— +x] Log[c+dx] -2bclog|[—+x] Log[c+dx] -
c+dx b d
b b d
2bcLog[e(aJr X>]Log[c+de72bcLog[i+x] Log[M]f
c+dx b bc-ad
d b b d
2bcPolylog|2, M} -2adPolylog|2, u} + leZ
-bc+ad bc-ad 2
b
szog[e(ca:dXX) Zszldz -2d (-bc+ad) (a+bx) 71+Log[§+x} +a2d2Log[§+x]27

2b (bc-ad) (c+dx) (—1+Log[§+x]] +b2c2Log[§+x]2—2 Log[§+x]—Log[£+x]—

d
b
LOg[ie (ca:dxX) (a*d*Log[a+bx] -b (d (-bc+ad) x+bc®Loglc+dx])) -
b d d b
2b? c? (Log[ier} Log[u} +PolyLog|2, d(arbx)
b bc-ad -bc+ad

d b b d
M} +PolyLog[2, (c+ X>

2a%d? (Log[chx} Log | _
d -bc+ad bc-ad

)

Problem 101: Result more than twice size of optimal antiderivative.

ﬂwogwu:;b: )’

dx
ag+bgx

Optimal (type 4, 128 leaves, 4 steps):

(A+BLOg{e£a+bX) HZLog[l— b(c+dx)}

c+d x d (a+bx)
bg
2B (A+BLog[=22*]) polyLog|2, diema | 2BPPolylog[3, ieihe]
bg bg

Result (type 4, 458 leaves):
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e
3bg

|—°8[§+X] —Log[§+x] —Log[m} _

c+dx
1) -

2

3A%Log[a+bx] +3AB

a 2
Log|—+x| - 2Logla+bx]
b

d b b d
2 7<a+ X> ] +PolyLog[2, 7<C+ X)

-bc+ad bc-ad
d b
Log[i+x]3+3Log[£+x}2Log[M +
b d -bc+ad

Log[§+x] Log[

B2

e (a+bx)
3Log[a+bx] E—

+

—Log[§+x] +Log[§+x] + Log|

c+dx
b (C+dx)
bc-ad

d b
+6Log[§+x] PolyLog|2, M] +

a 2
3Log|— +x]|
b -bc+ad

—Log[§+x} + Log|

]

b (C+dx)
bc-ad

b
6Log[§+x} PolyLog|2, |-3 M

Log[erx} —Log[§+x} —Log[

c+dx
d b b d
7(;:” X) | +PolyLog|2, —(C+ x) ] _
-bc+ad bc-ad

]

a 2
Log[g+x} -2

Log[§+x} Log|

d(a+bx)
6 Polylog[3, ————

b d
| - 6PolyLog|3, M J
-bc+ad bc-ad

Problem 106: Result more than twice size of optimal antiderivative.

d (a+b
\J\Log[ b (:+d§) ] dx

cf+dfx

Optimal (type 4, 28 leaves, 1step):

bc-ad
PolyLog|2, P (;:X) ]

df

Result (type 4, 130leaves):

1 C 2 a
——|-Log[— + x| 72Log[g+x] Log[c+dx] +2Log[— +x]| Log[c+dx] +

2df d

a|n

d(a+bx> b

—

a c+dx> d(a+bx)
og og[c+dx] +2Log|— +x]| Log +2PolylLog|2, ——————
2 Log| | Log[c+dx] +2Log| | Log| | +2PolyLog|2

b(c+dx) b bc-ad -bc+ad

Problem 128: Result more than twice size of optimal antiderivative.

J(ag+ng)4

e(a+bx)2] 2d1
R S X

A+BLog
' [ (C+dx>2

Optimal (type 4, 377 leaves, 8 steps):
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5 (bc-ad) gt (a+bx)* (A+5Log[ =220 )| gt (a-bx)® [n+BLog[ et ])’

- (c+dx)? . (crdx)? N
5bd b
2B (bc-ad)’g* (a+bx)’ (2A+B+2BLog[%c‘:—bgszH
15 b d?
o (bc-ad)’g’ (arbx)” (6A-78-6BLog[ < 225"
15bd?
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15 b d*
2B (bc-ad)°g* (6A+253+63Log[%;;—bxx))2—2]) Log [ 22
15bd°
8B% (bc-ad)®g*Polylog|2, Sﬁ%ﬂ

5bd°

Result (type 4, 2907 leaves):
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15 b d®
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a a
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52 45 a 2 52 .5 c 4p2 -4 c
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C C C
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d d d
5502 5 c 2 4p2 4 ¢ 2 213 R2 -3 42 - 2
12b°B*c® Log|[ — + x| -60ab*B?c*dLog[— + x| +120a’b?B?c*d? Log[— + x| -
d d d
C 2 C 2
120a°b?B?> c?* d® Log| — + x| +6@a*bB%cd® Log[ — + x| +12a?b*B*c*d’ Log[a+bx] -
d d
52a>b2B2c?d®Log[a+bx] +86a*bB2cd*Log[a+bx] +12a°ABd°Log[a+bx] -
5p2 A5 5p2 A5 a 5p2 A5 -
46 a° B*d° Log[a + bx] - 24 a° B2 d°® Log[ — + x| Log[a + bx] + 24 a° B2 d°® Log|[ — + x| Log[a+bx] -
b d

d b bx)?2

24 a° B2 d° Log[5+x} Log[M} +12b582c4deog[M
d -bc+ad (c+dx)2

e(aerx)2 e(a+bx)2

60 a b* B2 ¢ d® x Log| | +120a%b° B2 c2d® x Log|

(c+dx)2 <c+dx)2
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bx)? b x) 2
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+

b 2
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+
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+
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240 a3 b2 B? 2 d? Log[§+x] Log[c+dx] -120a*bB? cd* Log[§+x} Log[c+dx] -

12b° B2 ¢ Log[M] Log[c +dx] + 60 a b B c4dLog[M] Log[c+dx] -
(c+dx)? (c+dx)?

bx)? bx)?
120 a2 b3 B2 c3 d? Log[M} Log[c +dx] +120 a3 b?B2 c? d? Log[M}

Log[c+dx] -
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bx)* b (c+d
60a4bBZCd4L°g[M} Log[c+dx] - 24 b B2 c5 Log[ = + x| Log[M}+
<C+dX)2 b bC—ad
b d b d
120ab4B2c4dLog[E—+x}Log[—lg:—jgf},24aazb332c3d2Log{§,+X]Log[glf:;gfl .
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b d b d
2405° b6 c2 & Log >+ x] Log[ %] _120%b? ca Log[2 « x] Log[ LX) -
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d b
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b d
24 a°B? d° Polylog 2, M]
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Problem 129: Result more than twice size of optimal antiderivative.

e (a+bx)2 2

(C+dx>2

dx

J(ag+ng)3

A+BlLog|

Optimal (type 4, 319leaves, 7 steps):

B(bc-ad)g®(a+bx)? (A+BL0g[M}) g’ (a+bx)* (A+BLog[e—(a*—bXﬁ”2

- (c+dx)? (c+dx)? .
3bd 2b
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Result (type 4, 2125leaves):
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b d* d3 d? d

8
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3 d3 343 d? 3 d?
2 21 R2 3R 242
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4 2 a 2R2 -3 a 21 R2 2 a
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d2 d2 d
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d* d3
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d? d
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+
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b3 B2 ¢4 Log[e—(m}—z} Log[c+dx] 4ab?2B2¢3 Log[e—‘M] Log[c +dx]

(c+dx)? (c+dx)?
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d* d?
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12 a2 b B2 2 Log[§+x] Log[J—)—beig;‘ ] ) 8a3B2cLog[§+x] Log[J—)—beig;‘ ]
d? d
2B%c (b*c®-4ab?c?d+6a’bcd?-4ad?) Polylog|2, %ﬂ ) 2a*B2 PolyLog|2, %ﬁl}
d* b
Problem 130: Result more than twice size of optimal antiderivative.
bx)? )2
J(ag+ng)2 A+BLog[M dx
(c+dx)2
Optimal (type 4, 255 leaves, 6 steps):
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d(a+bx) b (c+dx)

2b%c? (Log[Zer} Log |

| +PolylLog|2,
-bc+ad bc-ad

]

2a%d? (Log[im} Log |

)

e(a+bx)z]2 ' 5 lad(-bcrad) (bcrad) (a+bx) (—1+Log[§+x}

leBZ _
(c+dx>2 b3 d3

3

x> Log | 2

—1+Log[§+x]

bx (2a-bx) +2b2x2Log[§+x} -2a%Llog[a+bx]

2a3d3Log[§+x}2+4b (bc-ad) (bcwad) (c+dx)

2b3’<:3Log[£+x}2+d2 (bc-ad)

+

— a

b> (bc-ad (dx(—2c+dx) —2d2x2Log[i+x] +2c2Log[c+dx}) -

e (a+bx)2]
(c+dx>2
(bd (bc-ad)x (-2bc-2ad+bdx) -2a*d®>Log[a+bx]+2b>c®Loglc+dx]) +

)

Problem 131: Result more than twice size of optimal antiderivative.

2Log[§+x] —2Log[§+x] - Log|

4b3c3 | +Polylog|2,

bc-ad -bc+ad

Log[§+x] Log[

d b b d
433 d3 M] +PolylLog|2, M

-bc+ad bc-ad

Log{§+x] Log|

2

e (a+bx)2} i

A+BLog
: [ (c+dx)2

J(ag+ng>
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Optimal (type 4, 188 leaves, 5steps):

2B (bc-ad)g(a+bx) (A+BLog[ﬂM]) g (a+bx)2 (A+BLog[M])2

~ (c+dx)? (c+dx)? ~
bd 2b
2B (bc-ad)’g (A+ZB+BLog[%:;—bX>;)2—2]) Log[ﬁ] 7432 (bc-ad)?gPolylog|2, %]
b d? b d?

Result (type 4, 849leaves):

1
aA2x+ —A2bx?+
2

8

2 (bc—ad) (adLog[a+bx} —bcLog[c+dx]) [a2e+2abex+b2ex2]

2aAB +2Ab

+ X Log
b2cd-abd> (c+dx)?

x a’logla+bx] c?log[c+dx] 1 [aze+2abex+b2ex2]
— +

- + = x* Log

B
bd b2 (bc-ad)  d?(bc-ad) 2 (c+dx)?

-(bc-ad)

a’e+2abex+bZex? 2
x Log| " -

(c+dx>2

aB?

1
—4
bd

a 2 c 2 a
—adLog[ngx} —bcLog[a+x] +2adLog[E+x} Log[a+bx] -

d (a+bx>

c c
2adLlog|[— +x] Logla+bx] +2adLog[~ +x] Log|
d d -bc+ad

| ~adLlogla+bx]

e (a+bx)2}

LOg{ (C+dx)2

a c
-2bclog|— +x| Log[c+dx] +2bcLog[— +x]| Log[c+dx] +
b d

e(a+bx)2 b (c+dx)

| Loglc+dx] +2bcLog{i+x} Log[———] +
(c+dx)2 b bc-ad

d b b d
7(a+ X>]+2adPolyLog[2, 7(C+ X>] J+

-bc+ad bc-ad
2 [—Zd (-bc+ad) (a+bx]

bcLog|

2bcPolylLog [2,

b B2

a2e+2abex+b2ex2]z 1
+

lszog[ -
(c+dx)2 b2 d?

—1+Log[§+x]

aZdZLOg[§+X]272b (bc-ad) (c+dx) (—1+Log[§+x}

+

e (a+bx)2

]

b? c2 Log[§+x]2—

2Log[§+x] —2Log[§+x} —Log[

<c+dx)2

(a*>d*Log[a+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -

2b%c? M] +Polylog|2, dfarbx)
Jii

Log[§+x] Log|

bc-ad -bc+ad

d(a+bx) b (c+dx)
7] +PolyLog[2, —_—
-bc+ad bc-ad

2a%d?

Log[§+x] Log|
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Problem 132: Result more than twice size of optimal antiderivative.

2
J‘ (A +BLog| J—Le(ci;bxfzz ] )

dx
ag+bgx

Optimal (type 4, 132leaves, 4 steps):
(A+BL0g{e£a+bx)Z})2 Log{l— b (c+dx) ]

(c+d x)? d (a+bx)
bg
e (a+bx)? ) b (c+dx 2 b (c+dx
4B (A+B Log[J—L(MX)z |] PolyLog[2, bicdx v ] ) 882 Polylog|[3, Slctdx v ]
bg bg

Result (type 4, 622 leaves):



64 | Mathematica 11.3 Integration Test Results for 3.2.1 (f+g x)~m (A+B log(e ((a+b x) over (c+d x))”n))~p.nb

Log[2 +x]|?
A% Log[a+bx] +32AB [b+ } +1
bg g b b
a c a’e 2abex b2 e x?
Logla+bx] |-2Log|[—+x]| +2Log[~ +x] + Log| + + -
2 2 2
b d (c+dx) (c+dx) (c+dx)
c b (S+x b S4x
2 Log[;+x] Log[1 - 7a+E]+PolyLog[2, ,a+L‘] . 4Log[§+x]3 .
d d +—BZ + =
b g 3b b
a c a’e 2abex b2 e x?
Log[a+bx] |-2Log|—+x]| +2Log[— +x] + Log| + +
b d (c+dx)® (c+dx)® (c+dx)?
a C a’e 2abex b2 e x?
2 |-2Log|[— +x| +2Log[— +x]| +Log| + +
b d (c+dx)? (c+dx)® (c+dx)?
b [ S+x b [S+x
Log[§+x]2 2 Log[i+x] Log[l%b—d_}}JrPolyLog[Z, fb—d_}])
b ) b '
b(9+x) b(9+x)
1 1 2 d d
ES ;Log[erx} Log[l— . be ]+Log[7+x] PolyLog[Z, .. be
d d
b(+x bd (€ +x
PolyLog|3, (d ) —18 lLog[—+x] Log|[— + x| - Log| (d ) -
,a+bdi b |2 bc-ad
d b d b
Log[i+x} Polylog|2, —M] +Polylog|3, —M}J
b bc-ad bc-ad

Problem 140: Unable to integrate problem.

1
dx
J(ag+ng)2 (A+BLog[M})

(c+dx)?

Optimal (type 4, 91 leaves, 3 steps):

A 2 A+BLog{4e‘:a‘bx\r‘:}
e %c:—bx’;% (c+dx) Eprntegr‘alEi[—%]

2B (bc-ad)g?(a+bx)

Result (type 8, 36 leaves):
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1
dx
J(ag+ng)2 (A+BLog[4—Le a*bxz})

(c+dx)?

Problem 141: Unable to integrate problem.

1
dx
J‘(ag+ng)3 (A+BLog[e—(ﬂ)—z})

(c+dx)?

Optimal (type 4, 149leaves, 7 steps):

A*BL°g[E(a+bX\zz} dcezis elanbxt (C+dX> ExpInte r‘alEi[—%]
beert Eprntegr‘alEi{— 48#_“1_} rdm? p g g

2B (bc-ad)®g? 2B (bc-ad)’g® (a+bx)

Result (type 8, 36 leaves):

1
dx
J\(ag+ng)3 (AJrBLog[J—Le a*bxz})

(c+dx)?

Problem 145: Unable to integrate problem.

1
dx
J(ag+ng)2 (A+BLog[e—(a*—bx)—Z”2

(c+dx)?

Optimal (type 4, 147 leaves, 4 steps):

e (afbx)l}

2 [elabx)? ; %2_
T 2 (c+dx) ExpIntegralEi|- . ]

4B* (bc-ad) g? (a+bx]

c+dx
28 (bc-ad) g2 [a+bx] [A-BLog[* 221" |

Result (type 8, 36 leaves):

1
dx
J(ag+ng)2 (AJrBLog[gM)—z})2

(c+dx)?

Problem 146: Unable to integrate problem.

1
dx
J(ag+ng)3 (A+BLog[e—(a*—bx)—Z”2

(c+dx)?

Optimal (type 4, 263 leaves, 9 steps):
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. A Log[e(mx\iz}
be e*® ExpIntegralEi |- 43(&*—]
- +

28% (bc-ad)?g?

e r\a+bx]2}

o M 5 AB LOg[ (c+dx)?
dezs . (c+dx) Eprntegr‘alEl[—ﬁ%;]

482 (bc-ad)’g® (a+bx)

d(c+dx) b(c+dx)?
2B (bc-ad)’g? (a+bx) (A+BLog[e—((::d—b):;)z—2” 2B (bc-ad)?g® (a+bx)? (A+BLog[e—((:+;—b):;)z—Z”

Result (type 8, 36 leaves):

1
dx
J\(ag+ng)3 (A+BLog[e—(m)—2”2

(c+dx)?

Problem 156: Result more than twice size of optimal antiderivative.

J(a+bx)3 (A+BLogle (a+bx)" (c+dx)’“])2dlx

Optimal (type 4, 322 leaves, 8 steps):
B(bc-ad)n(a+bx)’ (A+BLlogle (a+bx)" (c+dx)™"])

+

6bd
(a+bx)* (A+BLog[e (a+bx)" (c+dx)"])?
N
4b
B(bc-ad)®n(a+bx)®(3A+Bn+3BLlog[e (a+bx)" (c+dx)™"])
12 b d?
B(bc-ad)’n(a+bx) (6A+5Bn+6BLogle (a+bx)" (c+dx)"]) 1
12bd? 12 b d*
4 bc-ad n -n
B(bc-ad)*nLog[—————] (6A+11Bn+6Blogle (a+bx)" (c+dx)™"]) -
b (c+dx)
B2 (bc-ad)*n?Polylog|2, ‘;—Eﬁi—}
2bd*

Result (type 4, 1709 leaves):
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1
12bd*

—243*ABd*n+6ab3B2cdn?-24a%b?B>c?d?’n®+36a>bB>cd>n?-24a*B?>d*n?>+12a3A’bd*x-

6Ab*Bc*dnx+24aAb*Bc?d’nx-36a?Ab?Bcd’nx+18a*AbBd*nx-5b*B>c*dn?x +
17ab*B*c?d*n?x-19a’b?B?cd®n®’x+7a’bB?d*n?x+18a%A’b?d* x> + 3Ab*Bc?d*nx? -
12aAb3Bcd®nx?+9a2Ab?Bd*nx?+b*B2c?d?’n?x?>-2ab3B2cd®*n?x?+a?b2B%2d*n?x?+
12aA?b3d*x®*-2Ab*Bcd®nx®+2aAb>Bd*nx®+3A%2b*d*x*-3a*B2d*n’Log[a+bx]?+
6Ab*Bc*nlog[c+dx] -24aAb>Bc>dnlog[c+dx] +36a?Ab2>Bc?d?’nlLlog[c+dx] -
24a>AbBcd®nlog[c+dx] +11b*B2c*n?Log[c+dx] -38ab3>B2c*dn?Log[c+dx] +

4532 b?B%>c?d’n? Log[c+dx] -18a*bB?2cd*n?Log[c+dx] -24a*B?>d*n? Log[c+dx] +
3b*B2c*n?Llog[c+dx]2-12ab3>B2c*dn?Llog[c+dx]?+18a?b2B%>c?d®n?Log[c +dx]?-
12a°bB?cd®n’Log[c+dx]?-24a*B?d*nloge (a+bx)" (c+dx) "]+

24a°AbBd*xLogl[e (a+bx)" (c+dx) "] -6b*B2c*dnxLogle (a+bx)" (c+dx) "] +
24ab>B>c*d’nxlogle (a+bx)" (c+dx) "] -36a’b>B>cd’nxLlogle (a+bx)" (c+dx) "]+
18a’bB?d*nxLlogle (a+bx)" (c+dx) "] +36a’Ab’Bd*x* Log[e (a+bx)" (c+dx) "]+
3b*B?>c?d’nx*Logle (a+bx)" (c+dx) "] -12ab*B>cd®nx’Logle (a+bx)" (c+dx) "] +
9a?b?B?d*nx?Loge (a+bx)" (c+dx) "] +24aAb’>Bd* X’ Log[e (a+bx)" (c+dx) "] -
2b*B>cd®nx’Logle (a+bx)" (c+dx) "] +2ab’B>d*nx?Log|e (a+bx)" (c+dx) "] +
6Ab*Bd*x* Log[e (a+bx)" (c+dx) "] +6b*B>c*nLog[c+dx] Log[e (a+bx)" (c+dx) "] -
24ab*B>c>dnlog[c+dx] Log[e (a+bx)" (c+dx) "]+

36a”b*B?c?d*nlog[c+dx] Logle (a+bx)" (c+dx)™"] -

24a°bB?cd’nlog[c+dx] Log[e (a+bx)" (c+dx) "] +

12a°bB?d*x Log[e (a+bx)" <c+dx)’”}2+18a2b282d4x2Log[e (a+bx)" (c+dx)’"]2+
12ab’B?d*x* Log[e (a+bx)" (c+dx)’”]2+3b4BZd4x4Log[e (a+bx)" (c+dx)’”]2+

Bnlogla+bx] |[-6bBc (b>c*-4ab’c*d+6a’bcd*-4a’d’)nlog[c+dx] +6B (bc—ad)4n

b d
Log[H}+ad(6b33c3n+21abzsc2dn26a2bBcd2n+a3d3 (6A+35Bn) +
c-a
B 4 d(a+bx)
6a’Bd’Logle (a+bx)" (c+dx)™"|)|+6B* (bc-ad)*n*Polylog|2, Toeiad
-bc+a

Problem 157: Result more than twice size of optimal antiderivative.

J(a+bx)2 (A+BLlogle (a+bx)" (c+dx)"])2dx

Optimal (type 4, 263 leaves, 7 steps):
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B(bc-ad)n (a+bx)2 (A+BLogle (a+bx)" (c+dx)™"])

- +

3bd
(a+bx)3(A+BLog[e (a+bx)”(c+dx)’"})2
.
3b
B(bcfad)zn(aerx) (2A+Bn+2Blogle (a+bx)" (c+dx)"]) 1
.
3bd? 3bd?
3 bc-ad n n
B(bc-ad)’nlLog| ] (2A+3Bn+2Blogle (a+bx)" (c+dx)"])+
b (c+dx)
2B% (bc-ad)’n?Polylog|2, ‘;—:i—sii—}
3bd3

Result (type 4, 1149 leaves):

-6a*ABd®*n-2ab?B?c?dn?+6a’bB*cd*n?-6a>B2d®*n?2+3a2A%bd3>x+2Ab>Bc®dnx-

3bd3
6aAb’Bcd’nx+4a?AbBd>nx+b3>B2c?dn?x-2ab?B2cd’n?x+a?bB>d®>n?x+3aA’?b%d3x?-
Ab3Bcd’nx?+aAb?Bd>nx?+A2b3d3>x3-a®B?d®n?Log[a+bx]2-2Ab>Bc3nlog[c+dx] +
6aAb’Bc’dnlog[c+dx] -6a’?AbBcd’nlog[c+dx] -3b>B?>c>n?Log[c+dx] +
7ab?B2c?dn?log[c+dx] -4a’bB2cd’n?log[c+dx] -6a3B>d>n?Llog[c+dx] -
b>B2c3n?Llog[c+dx]?+3ab?B?c?dn?Log[c+dx]?-3a2bB%cd?’n?Llog[c+dx]?-
6a’B>d’nlogle (a+bx)" (c+dx) "] +6a>AbBd’>xLogle (a+bx)" (c+dx) "]+
2b*B*c?dnxlogle (a+bx)" (c+dx) "] -6ab*B>cd’nxLogle (a+bx)" (c+dx) "]+
4a’bB°d’nxlogle (a+bx)" (c+dx) "] +6aAb?Bd®>x? Log[e (a+bx)" (c+dx) "] -
b>B2cd’nx®Log[e (a+bx)" (c+dx)"| +ab®B2d®nx*Logle (a+bx)" (c+dx) "]+
2Ab°Bd®x? Logle (a+bx)" (c+dx) "] -2b°B*c*nLoglc+dx] Log[e (a+bx)" (c+dx) "] +
6ab?B?c’dnlog[c+dx] Logle (a+bx)" (c+dx) "] -
6a’bB*cd*nlog[c+dx] Logle (a+bx)" (c+dx)™"] +
3a’bB>d’x Logle (a+bx)" (c+dx)’“]2+3ab282d3x2Log[e (a+bx)" (c+dx)’"}2+
b® B2 d®>x* Log[e (a+bx)" (c+dx)’“]2+BnLog[a+bx]

b (C+dx)

2bBc (b?c*-3abcd+3a?d?) nlog[c+dx] -2B (bc-ad)’nLog| " y
c-a

|+
ad (2b°Bc®>n-5abBcdn+a’d” (2A+9Bn) +2a’Bd’Logle (a+bx)" (c+dx)™"]) |-

d b
28? (bc-ad) *n? Polylog|2, M
-bc+ad

Problem 158: Result more than twice size of optimal antiderivative.

J(a+bx) (A+BLogle (a+bx)" (c+dx)’”])2d1x

Optimal (type 4, 195leaves, 6 steps):
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B(bc-ad)n(a+bx) (A+Blog[e (a+bx)" (c+dx)™"])

+

bd
(a+bx)2(A+BLog[e (a+bx)”(c+dx)'"”2
2b
B(bc—ad)anog[ﬁ] (A+Bn+BLog[e(a+bx)"(c+dx)’”])7
b d?
B2 (bc-ad)?n?Polylog|2, %ﬂ
b d?
Result (type 4, 656 leaves):
2a2ABn 2a?B?n?> aB%?cn? ) AbBcnx 1 ,
- - + +aA“x+aABnx- —+ —A“bx° -
b b d d 2
a’?B?n?logla+bx]?2 AbBc’nlog[c+dx] 2aABcnlog[c+dx] 2a?B?2n?log[c+dx]
+ - - +
2b d? d b
bB2c?n?Log[c+dx] aB?cn?log[c+dx] bB?2c?n?log[c+dx]? aB?cn?log[c+dx]?
_ + _ _
d? d 2d? d
2a?B?nlL bx)" dx)™"
aB2nloge (a; x)" (c+dx] ]+2aABxLog[e (a+bx)"(c+dx)'”}+
b B2 L bx)" dx)™"
aB?’nxlogle (a+bx)" (c+dx) "] - cnx og[e(a; X)" [c+dx) ]+
bB2c?nlL dx]L bx)" dx)™"
AbBx*Logle (a+bx)" (c+dx) "]+ ¢’ nlogc+dx] og£e (a+bx)" (c+dx) ],
d

2aB2cnloglc+dx] Logle (a+bx)" (c+dx)™"]

+

d
262 xLog[e (- 0%)" (e ax) 7] LostLogle (a-bx)" (crax] 770 L
2 bd
5 b (c+dx)
Bnlogla+bx] |[bBc (-bc+2ad)nlog(c+dx] +B (bc-ad) nLog{ﬁ]Jr
c-a

ad(-bBcn+ad (A+3Bn) +aBdlog|e (a+bx)" (c+dx>*"]> +

d (a+bx) }

B2 (b c- ad)2 n2 Polyl-og[z’ -bc+ad

b d?

Problem 159: Result more than twice size of optimal antiderivative.

2
dx

J(A+BLog[e (a+bx)" (c+dx)™"])
a+bx

Optimal (type 4, 131 leaves, 5steps):
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(A+BLogle (a+bx)" (c+dx)™"])? Log[1 - BLerdxL]

d (a+bx)
- +
b
2Bn (A+Blog[e (a+bx)" (c+dx)"]) PolyLog|2, ﬁﬁﬂ ) 282 n2 Polylog|3, %ﬁﬂ
b b

Result (type 4, 443 leaves):

3b

BZn?Log[a+bx]3+

3Bnlogla+bx]® (A+B (-nLogla+bx] +nlog[c+dx] +Logle (a+bx)" (c+dx)™"]|)) +
3Llogla+bx] (A+B (-nlogla+bx] +nlLog[c+dXx] +Log|e (a+bx)" (c+dx)’”}))2—
d(a+bx) b (c+dx)
Log[ ———"] Log[c +dx] +PolylLog[2, ——]
-bc+ad bc-ad
6B2n (-nLogla+bx] +nLlog[c+dx] +Logle (a+bx)" (c+dx)"])
d(a+bx) b (c+dx)
Log[ ———"] Log[c +dx] +PolyLog[2, ———
-bc+ad bc-ad
b (c+dx)]
bc-ad
d(a+bx)

6ABN

d(a+bx)
- Log[a+bx] PolyLog[2, ———| +

Log[c +dx] - Log]| . y
-bc+a

1
6 B2 n? (—Log[aerx]2
2

d(a+bx)

-bc+ad

PolyLog|3, +3B%n? |Log| | Loglc+dx]?+

-bc+ad

b(c+dx) b (c+dx)
7} -2 PolyLog[3, _
bc-ad bc-ad

]

2 Log[c +dx] PolyLog|2,

|

Problem 164: Result more than twice size of optimal antiderivative.

J(a+bx)3 (A+BLlogle (a+bx)" (c+dx)"])?dx

Optimal (type 4, 809 leaves, 27 steps):
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B3 (bc-ad)®n®x B’ (bc-ad)*nLog[®2X] 3p3 (bc-ad)*n®Log[c+dx]
+

443 4bd* 2bd*
7 B2 (bc—ad)3n2 (a+bx) (A+BlLogle (a+bx)" (c+dx)™"])
4bd? :
bB2 (bc-ad)?n? (c+dx)? (A+Blogle (a+bx)" (c+dx)™"])
4d .
9 B2 (bcfad)AnzLog[ﬁ] (A+BLogle (a+bx)" (c+dx)™"])
2bd* )
9B (bc-ad)’n (a+bx) (A+BLogle (a+bx)"(c+dx)'”])2
4bd3 :
9bB (bc-ad)?n (c+dx)* (A+BLog|e <a+bx)”(c+dx)’"”2
8 d* .
b2B (bc-ad)n (c+dx)’ (A+BLogle (a+bx)" (c+dx)"])?
ad )
3B<bc—ad)4nLog[ﬁ} (A+BlLogle (a+bx)" (c+dx)™"]|)?
4bd* :
(a+bx)* (A+BLog[e (a+bx)" (c+dx)"])? 1
4b +4bd4
78 (bc-ad)*n® (A+BLogle (a+bx)"(c+dx)’”])Log[l—M]—
d(a+bx)
98% (bc-ad)*n?Polylog|2, z—iﬁﬂ 1
2bd* 2bd
2 4 n " d(a+bx)
3B> (bc-ad)*n® (A+Blog[e (a+bx)" (c+dx)™"]) PolyLog[2, ——] -
b (c+dx)

783 (bc—ad)4n3 PolyLog[Z, Z_E%))_} 33 (bc—ad>4 n3 POlyLOg[3, J—S (::Zi)]

N
4bd* 2bd*
Result (type 4, 6899 leaves):

12aAb3B>c3dn?-48a%2Ab%B?c?d’n?+60a>AbB2cd®>n?-48a*AB%2d*n2-12b*B3c*n+

8bd*
58ab>B3c®dn®-100a’b?B3c?d’n®+54a*bB3cd®n®*+12a*B3d*n*+8a3A>bd*x -
6Ab*Bcldnx+24aA?b>Bc?d’nx-36a’A’b?Bcd®nx+18a*>A’bBd*nx-
10Ab*B2c®dn?x+34aAb3B2c?d’n?x-38a2Ab%B>cd*n?x+14a>AbB*d*n?x -
2b*B3c®dn®x+6ab3B3c?2d’n®*x-6a2b?B3cd®n®x+2a®bB3d*n®x+12a%2A3b%2d* X%+
3A’b*Bc?d*nx?-12aA’b*Bcd®nx?+9a2A%b?Bd*nx2+2Ab*B2c?d?’n?x?-
4aAb>B2cd®n?x?+2a2Ab?B2d*n2x2+8aA’b3d* x*-2A%b*Bcd®nx3+
2aA’b>Bd*nx®+2A3b*d*x* +6a*A2Bd*nlog[a+bx] -12aAb3>B?>c3dn?Log[a+bx] +
42 2> Ab?B?c?d’n?Log[a+bx] -52a>AbB?cd®n?Log[a+bx] +22a*AB>d*n?Log[a+bx] -
22ab3B3c*dn®Logla+bx] +80a2b2B3c?d’n’Logla+bx] -94a>bB3>cd®*n®Log[a+bx] +
60a*B>d*n3Logla+bx] -6a*AB?>d*n?Log[a+bx]2+6ab3>B3c*dn?Log[a+bx]?-
21a°b2B3c?d?’n®Logla+bx]2+26a*bB3cd®*n®logla+bx]%2-11a*B3>d*n’Log[a+bx]?+
2a*B3d*n®Logla+bx]3+6A2b*Bc*nlog[c+dx] -24aA’b3>Bc3dnlog[c+dx] +



72 | Mathematica 11.3 Integration Test Results for 3.2.1 (f+g x)~m (A+B log(e ((a+b x) over (c+d x))”n))~p.nb

36a2A’b?Bc?d’nlog[c+dx] -24a>A’bBcd®nlog[c+dx] +22Ab*B2c*n?Log[c+dx] -

76 aAb3B>c3dn?Log[c+dx] +90a2Ab2B%c?d’n?Log[c+dx] -36a3AbB%2cd®n?Log[c+dx] +
12b*B3>c*n3Log[c+dx] -26ab*B3>c3dn’Log[c+dx] -8a?b?B>c?d?n®Log[c +dx] +
46a>bB3cd®ndLlog[c+dx] -48a*B3d*n?Log[c+dx] -12Ab*B2c*n?Log[a+bx] Log[c+dx] +
48 aAb3B2c*dn?Logla+bx] Log[c+dx] -72a?Ab?B?c?d?’n?Log[a+bx] Log[c+dx] +

48 AbB?cd®’n?Llogla+bx] Log[c+dx] +12a*AB2d*n? Log[a+bx] Log[c +dx] -
22b*B3>c*n3Logla+bx] Log[c+dx] +76ab3>B3c>dn®Log[a+bx] Log[c+dx] -

90 a2 b?B>c?d?n?Log[a+bx] Log[c+dx] +36a>bB3>cd®>n®Log[a+bx] Log[c+dx] +
6b*B3>c*n®Logla+bx]?Llog[c+dx] -24ab3B3c®dn®Log[a+bx]?Log[c+dx] +
36a2b?B3c?d?’n®Logla+bx]?Log[c+dx] -24a>bB3cd®n®Logla+bx]?Log[c+dx] -

d <a+bx)

12a*B*>d*n’ Log[a+bx]? Log[c+dx] -12a* AB?d* n? Log|
-bc+ad

| Loglc+dx] +

d <a+bx)
-bc+ad
24aAb3B>c®dn?Log[c+dx]2+36a2Ab%B2c?d’n?Lloglc+dx]?-
24a3AbB%>cd®n?Llog[c+dx]?2+11b*B>c*n3Log[c+dx]?-38ab3B>c3>dn®Log[c+dx]%+
45 a2 b?B>c?d?n®Log[c+dx]2-18a2bB3cd®ndLog[c+dx]?-

12b*B3>c*n3Logla+bx] Log[c+dx]%2+48ab3>B3>c>dn®Log[a+bx] Log[c+dx]?-
72a2b?B3c?d?’n? Log[a+bx] Log[c+dx]2+48a*bB3cd®>n?Log[a+bx] Log[c+dx]%+

12a*B*d*n® Log[a + b x] Log] | Loglc+dx] +6Ab*B2c*n? Log[c+dx]?-

d(a+bx>
6a%B%d*n’ Log[a+bx] Log[c+dx]?+6b*B*>c*n®Log[ ——] Log[c+dx]?-
-bc+ad
d(a+bx d(a+bx
24ab3B3c3dn3Log[g] Log[c+dx]2+36a2b283c2d2n3Log[g] Log[c+dx]?-
-bc+ad -bc+ad
d(a+bx d(a+bx
24a3bB3cd3n3Log[¥] Log[c+dx]2—6a4B3d4n3Log[g} Log[c+dx]2+
-bc+ad -bc+ad
2b*B3c*n®Log[c+dx]3-8ab®B3c3dn®Log[c+dx]3>+12a’b?B3>c2d?*n?Log[c+dx]3-
b(c+dx
8a’bB3cd®n®Log[c+dx]3+12Ab*B?c*n? Log[a +b x] Log[g
bc-ad
b (c+dx)
48 aAb’B? c?dn”Log[a+bx] Log]| | +72a%Ab2 B2 c2d?n?
bc-ad
b (c+dx b (c+dx
Log[a + b X] Log[ﬁ}748a3AbB2cd3n2Log[a+bx] Log[¥ +
bc-ad bc-ad
b (c+dx b (c+dx
22b*B3c*n®Log[a + b x] Log[Q}—88ab3B3c3dn3Log[a+bx1 Log[¥}+
bc-ad bc-ad
b (c+dx b (c+dx
132a2b?B3c?d?n® Log[a + b x] Log[g]788a3bB3cd3n3Log[a+bx] Log[¥]+
bc-ad bc-ad
b (c+dx b (c+dx
22a*B3>d*n3 Log[a + b x] Log[g}—6b4B3c4n3Log[a+bx}2Log[¥]+
bc-ad bc-ad
b (c+dx b (c+dx
24ab3B3c3dn3Log[a+bx]2Log[¥]73632b283c2d2n3Log[a+bx}2Log[¥]+
bc-ad bc-ad
b (c+dx b (c+dx
24a3bB3cd3n3Log[a+bx]2Log[¥]+6a4B3d4n3Log[a+bx]2Log[¥}+
bc-ad bc-ad
b (c+dx)

12b*B? c¢*n® Log[a + bx] Log[c +dx] Log| ] -

bc-ad
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48ab3*B3c3dn’Log[a+bx] Log[c+dxX] Log[M} +
bc-ad

b (C+dx>

bc-ad
48a°bB3cd®n®Logla+bx] Log[c+dxX] Log[M} +

bc-ad

12ab’B’c*dn’Logfe (a+bx)" (c+dx)"| -48a”b* B> c*d’n’ Log[e (a+bx)" (c+dx) "] +
60a’bB>cd®n?Logle (a+bx)" (c+dx) "] -48a*B>d*n?Logle (a+bx)" (c+dx) "] +
24a°A’bBd*xlogle (a+bx)" (c+dx) "] -12Ab*B>c*dnxLlogle (a+bx)" (c+dx) "]+
48aAb’B>c*d’nxlogle (a+bx)" (c+dx) "] -72a®Ab>B?cd®nxLogle (a+bx)" (c+dx) "]+
36a’AbB’d*nxlogle (a+bx)" (c+dx) "] -10b*B>c*dn’xLog[e (a+bx)" (c+dx) "]+
34ab’B>c*d’n’xLogle (a+bx)" (c+dx) "] -38a2b?B*cd’n’xLogle (a+bx)" (c+dx) "] +
14a°bB’d*n’xLlogle (a+bx)" (c+dx) "] +36a>A’b>Bd*x?Log[e (a+bx)" (c+dx) "] +
6Ab*B>c>d’nx’Log[e (a+bx)" (c+dx) "] -24aAb’B2cd®nx?Log[e (a+bx)" (c+dx) "]+
18a?Ab?B2d*nx’Logle (a+bx)" (c+dx) "] +2b*B*c?d*n’x? Log[e (a+bx)" (c+dx) "] -
4ab>B’cd®n*x’Logle (a+bx)" (c+dx) "] +2a’b?B’d*n*x’ Log|e (a+bx)" (c+dx) "] +
24aA’b’Bd*x? Logfe (a+bx)" (c+dx) "] -4Ab*B2cd®nx’ Log[e (a+bx)" (c+dx) "]+
4aAb*B>d*nx’ Log[e (a+bx)" (c+dx) "] +6A?b*Bd*x* Log[e (a+bx)" (c+dx) "]+
12a*AB?d*nlogla+bx] Logle (a+bx)" (c+dx) "] -
12ab’>B’c*dn’Logla+bx] Logle (a+bx)" (c+dx) "] +
422%b?B%>c*d’n” Log[a+bx] Log|e (a+bx)" (c+dx) "] -
52a°bBcd’n’Logla+bx] Logle (a+bx)" (c+dx) "] +

72a’b? B c2d?n® Log[a + bx] Log[c +dx] Log|

]_

22a*B>d*n” Log[a+bx] Log[e (a+bx)" (c+dx) "] -
6a*B>d*n”Log[a+bx]?Log[e (a+bx)" (c+dx)™"]|+
12Ab*B?c*nlog[c+dx] Logle (a+bx)" (c+dx) "] -
48aAb*B?>c*dnlog[c+dx] Logle (a+bx)" (c+dx) "] +

728’ Ab’B>c*d’nlog[c+dx] Log[e (a+bx)" (c+dx)™"] -
48a*AbB?cd®nlog[c+dx] Logle (a+bx)" (c+dx) "]+
22b*B% c*n? Log[c +d x] Log[e (a+bx)" (c+dx) "] -

76 ab’>B’c*dn”Log[c+dx] Logle (a+bx)" (c+dx) "] +
90a’b?B%>c?>d’n” Log[c+dx] Log[e (a+bx)" (c+dx) "] -
36a’bB%cd’n’Log[c+dx] Logle (a+bx)" (c+dx) "] -

12b*B? c*n” Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx)'"] +

48 ab*B*>c®dn’ Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx)™"] -
72a’b?B*>c?d’n® Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx) "] +
48 a*bB*>cd®n? Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx) "] +
12a*B>d*n’ Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx)™"] -

d (a+bx)
-bc+ad
6b*B*>c*n?Log[c+dx]?Log[e (a+bx)" (c+dx) "] -
24ab’>B’c*dn’Log[c+dx]*Logle (a+bx)" (c+dx)™"]|+
36a”b” B’ c?d’n’ Log[c+dx]?Log[e (a+bx)" (c+dx) "] -
24a°bB’cd®n?Log[c+dx]?Logle (a+bx)" (c+dx) "]+
b (c+dx)
bc-ad

12a*B*d*n? Log| | Log[c+dx] Log[e (a+bx)" (c+dx) "] +

—

12b* B3 c*n? Log[a + bx] Log]| | Logle (a+bx)" (c+dx)™"] -
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b d
48ab?>B3c3dn?Log[a+bx] Log[b(CJr;()] Logle (a+bx)" (c+dx) "]+
c-a
b d
72a2b2B>c?d*n? Log[a + b x] Log[%} Logle (a+bx)" (c+dx)™"] -
c-a
b (C+dx>

48 a>b B c d®n? Log[a + b x] Log| | Log[e (a+bx)" (c+dx) "]+

2

24a°bBcd®Logle (a+bx)" (c+dx)™"|) Polylog|2,

a*d* (A+BlLlogle (a+bx)" (c+dx)™"])) PolyLog|2,
12b*B? ¢* n® Polylog| 3,
72 a? b2 B® 2 d? n® Polylog |3,

242> AbB?d*x Log|e (a+bx)"(c+dx)'”}2—6b4B3c3dnxLog[e (a+bx)" (c+dx) "]+
2
18a*bB*d*nxLog|e (a+bx)”(c+dx)’”}2+36a2Aszzd4x2Log[e (a+bx)" (c+dx) "]+
-n
2
2b*B*cd®nx’Logle (a+bx)" (c+dx) "] +2ab?B>d*nx?Logle (a+bx)" (c+dx) "] +
2

24ab*>Bc>dnlog[c+dx] Log[e (a+bx)" (c+dx) "]+

2
24a°bBcd’nlog[c+dx] Log[e (a+bx)" (c+dx) "]+

3

8ab®B’d*x’ Log|e (a+bx)"(c+dx>’"]3+2b4B3d4x4Log[e (a+bx)" (c+dx) |7+
(b*c®-4ab>c®>d+6a’bcd’-4a’d’) nlog[c+dx] +6b*Bc*Log[e (a+bx)" (c+dx)™"] -

-bc+ad

bc-ad
d b d b
M] +48ab’ B> c>dn’ Polylog|3, M
-bc+ad -bc+ad
12 a*B* d* n® Polylog|3,
-bc+ad bc-ad

24ab*B*c*d’nxLog|e (a+bx)”(c+dx)’”]2—36a2b2B3cd3nxLog[e<a+bx)"(c+dx)’"} +
3b*B’c?d*nx*Logle (a+bx)" (c+dX) 2 2
+24aAb>B>d*x? Log[e (a+bx)" (c+dx)"]" -
6 Ab*B2d*x* Log|e (a+bx)"(c+dx>’”]2+6a4B3d4nLog[a+bx} Logle (a+bx)" (c+dx)™"]"+
36 a”b*B’ c?d*nLog[c+dx] Logle (a+bx)" (c+dx)™"]|" -
8a’bB%d*xLog[e (a+bx)”(c+dx)’"]3+12a2b283d4x2Log[e (a+bx)" (c+dx) |7+
2B’n® (6Ab*c*-24aAb>c*d+36a*Ab’c*d’-24a*Abcd’+11b*Bc*n-44ab’Bcdn+
24ab’Bc’dlogle (a+bx)" (c+dx) "] +36a’b?Bc?d*Logle (a+bx)" (c+dx) "] -
12B%n? (a*Bd*nlogla+bx] +bBc (b’c®-4ab’>c*d+6a’bcd®-4a’d’) nLogc+dx] -
-bc+ad -bc+ad )
d(a+bx) b<c+dx)
b (c+dx) b (c+dx)

bc-ad
2
2
|"-12ab°B*cd®nx*Logle (a+bx)" (c+dx) "] +
9a?b?B>d*nx? Log[e (a+bx)" (c+dx) "]
2 2
6b% B> c*nLog[c+dx] Log[e (a+bx)"<c+dx)’"}2—
2
2
3
66a’b’Bc?d’n-44a*bBcd®>n+11a*Bd*n+6a*Bd*nlog[la+bx] +6bBc
d(a+bx)
— | +
b(c+dx>]
d b d b
7(a+ X)}+48a3bB3cd3n3PolyLog{3, 7(::” d -
| -12b*B%c* n*Polylog[3, —— ]| +
| -72a’b?B*c?d?n® Polylog (3, ———] +

48 ab®B? cdn’ Polylog|3,
bc-ad bc-ad

b (c+d b (c+d
M] ~12a*B%d* n® Polylog 3, lex X>]

48 a®> b B c d® n’ Polylog|3, I
bc-ad bc-ad

Problem 165: Result more than twice size of optimal antiderivative.

J(a+bx)2 (A+BLogle (a+bx)" (c+dx)’"])3d1x
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Optimal (type 4, 614 leaves, 17 steps):
B3 (bc—ad)3n3 Log[c+dx] B2 (bc—ad)zn2 (a+bx) (A+Blogle (a+bx)" (c+dx)™"])
- +

+

de bd2
4 B2 (bc—ad)3n2Log{bb(zﬁ] (A+BLogle (a+bx)" (c+dx)™"]) )
b d3
2B (bc-ad)’n(a+bx) (A+Blog[e (a+bx)" (c+dx)"])?
b d?
bB (bc-ad)n(c+dx)’ (A+Blogle (a+bx)" (c+dx)"])?
.
2d3
B (bc—ad)BnLog[ﬁ] (A+BLog[e (a+bx)" (c+dx)’"})2
N
b d3
(a+bx)® (A+BLoge (a+bx)“(c+dx)’”})3
3b
B2 (bc-ad)3n2 (A+BLog[e <a+bx>n(c+dx)*”}>Log[l—J—L‘:(:is;]
.
b d3
48" (bcad)’nPolylog[2, Fex |
b d3 bd3
d b
5 B2 (bc—ad)3n2 (A+BLog[e (a+bx)”(c+dx)’”])PolyLog[2, M}+
b (c+dx)
8 (bc-ad)’ntPolylog[2, Bt ] 28 (bc - ad)’n’ Polylog[3, Hatx]
bd3 de

Result (type 4, 4819 leaves):

6a3>ABZn2 2aAbB2c2n? 4a2AB2cn? 2a3B3n® 2b2B3c3n® 7abB3c?nd

+ + + +
b d? d b d? d?
5a’B*cn® , - A’b’Bc’nx 3aA’bBcnx ., ., Ab2B2c?n?x
— +a°A’x+2a“A“Bnx+ - +a“AB°n“x+ — -
d d? d d2
2aAbB%2cn?x 1 A’2b2Bcnx? 1 a®A’Bnlog[a+bx
——————————+aA’bx*+ —aA?bBnx - ————— + “A*b? %3+ Bl L,
d 2 2d 3 b
3a3AB2n?log[a+bx] 2aAbB?c?n?logla+bx] 5a?ABZcn?logl[a+bx]
+ - +
b d? d
7a*>B>n®Llogla+bx] 3abB3c?n®logla+bx] 6a%?B3cn3Llogla+bx]
+ _ _
b d? d
a®AB2n?logla+bx]? 3a’B3n3logla+bx]? abB3c?n®log[a+bx]?
- - +
b 2b d?
5aZB3cn®log[a+bx]? a*B3n3logla+bx]3 A2b?Bc3nlog[c+dx]
+ - +
2d 3b d3

3aA?bBc’nlog[c+dx] 3a?A?Bcnlog[c+dx] 3ADb?B2c3n?log[c+dx]
d? d d3

+
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7aAbB?2c?n?log[c+dx] 4a?2AB2cn?logl[c+dx] 6a3>B3n3Llog[c+dx]

d? d b
b2B>c*n®Log[c+dx] 3a’B3cn3log[c+dx] 2a*AB2n?2log[a+bx] Log[c+dx]
o3 ' d i b '
2Ab%2B2c3n?Llogla+bx] Log[c+dx] ) 6aAbB2c?n?logla+bx] Log[c+dXx] .
d3 d2
6a?AB?cn?log[a+bx] Log[c+dx] 3b%2B3>c®n®Log[a+bx] Log[c+dXx]
d : RE )
7abB3>c?n’®logla+bx] Log[c+dx] 4a?B3cn®Log[a+bx] Log[c+dx]
o ' d i
2a3B®n®Logla+bx]?Log[c+dx] b?B>c3n3Logla+bx]2Log[c+dx]
b ) o '
3abB3c?n3logla+bx]?Log[c+dx] 3a?B3>cn?Llog[a~+bx]?Log[c+dx]
o . d )
2a3AB2n? Log[‘ﬁt—t’a’g—] Log[c+dx] 2a3B3n3Llog[a~+bx] Log[d:()%)—] Log[c +dx]
b : b .
Ab2B2c3n?Log[c+dx]?2 3aAbB?c?n?lLog[c+dx]?2 3a2AB?cn?log[c+dx]?
o ' o i d i
3b2B3c3n®Llog[c+dx]? 7abB>c?n3log[c+dx]?2 2a%?B3cn3log[c+dx]?
23 ' 2 d? ) d '
a®B3n3Logla+bx] Log[c+dx]? 2b2B3c3n®Log[a+bx] Log[c+dx]?
b : o )
6abB3c?n®Log[a+bx] Log[c+dx]?> 6a?B*cn®Log[a+bx] Log[c+dx]?
o ' d )
a3B3n3Log[di,ac%ba’}] Log[c +dx]? b2B3c3n3Log[dﬁj%ba’}} Log[c +dx]?
b ) R i
3abB3c2n3Log[dfbac*+—t;Xd)—] Log[c +dx]2 3azB3cn3Log{%)—} Log[c +dx]2
o ) d i
b2B3>c3n3Log[c+dx]3 abB3c?n®log[c+dx]3> a?B*cn®Llog[c+dx]3
3d° ’ o ) d .
2Ab2B2c3n? Log[a+ b x] Log[ub%)—] ) 6aAbB2c2n?Log[a+bx] Log[b—b‘%ﬂ
d? d?
6a2AB2cn?Llog[a+bx] Log[b—b(ﬁ)—] 3a3B3n3Log[a+bx] Log[ﬁ)—]
d : b )
3b2B3c3n3 Logla+bx] Log[ﬁ)—] ) 9abB3c2n3Log[a+bx] Log['ﬂbﬁ)—}
d? d?
9a2B3*cn?®Llog[a+bx] Log[%ﬁl} a3B3n3Log[a+bx}2Log[b4bﬁL]
d b
bZB3c3n3Log[a+bx}2Log[b4bﬁL] 3abB3c2n3Log[a+bx]2Log[be:—:’;L]

+

d3 d?
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3a2B3cn Log[a+bx}2Log[b4b%L] 2b2B3c®n®Logla+bx] Log[c+dXx] Log[%]
d ) R
6abB3c2n3Log[a+bx] Log[c+dx] Log[%ﬂ
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6abB3c2n?Log[a+bx] Log[ﬁl] Logle (a+bx)" (c+dx)™"]
o2 )
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+

3aAbB’x?Logle (a+bx)" (c+dx)’”]2+§ab83nx2Log[e (a+bx)" (c+dx)’”]2—
b2B*cnx?Logle (a+bx)" (c+dx)'”}2
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a®B>nlogla+bx] Logle (a+bx)" (c+dx)™"]
b
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d
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2

2

+

2

2
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1
—382n2 (2Ab3c3—6aAb2c2d+6a2Abcd2+3b3Bc3n—9abZBc2dn+9a2bBcd2n—
bd

3a°Bd’n-2a’Bd’nlogla+bx] +2bBc (b*c*-3abcd+3a*d*) nLoglc+dx] +
2b*Bc?Logle (a+bx)" (c+dx)"| -6ab®Bc’dLogle (a+bx)" (c+dx) "]+

d b
6a’bBcd’Logle (a+bx)" (c+dx) "]) PolyLog|2, M

-bc+ad
1
732B2n2 (-a*’Bd’nlogla+bx] +bBc (b>*c*-3abcd+3a*d*) nLog[c+dx] +
bd
b (c+dx
a’d® (A+BLlogle (a+bx)" (c+dx)™"])) PolyLog|2, Q -
bc-ad
3 Rp3 3 d (a+bx) 2R3 ~3 n3 d (a+bx)
2a°B’n PolyLog[3, 7bc+ad] 2b*B°c’n PolyLog[3, 7bc+ad} i
b d?
3 .2 .3 d (a+bx 2 p3 3 d (a+bx
6 abB?c?n’Polylog|3, J—Libuad] 6 a2 B> c n® Polylog|3, J—L—borad} )
d? d
3Rp3 3 b (c+dx) 2R3 33 b (c+dx)
2a’B’n’ Polylog[3, >=02-]  2b2B c>n® Polylog[3, 212 )
b d?
6abB?c2n?Polylog(3, 29X ] 6a?B3cn’Polylog[3, 21X ]
bc-ad + bc-ad
d? d

Problem 166: Result more than twice size of optimal antiderivative.

J(a+bx) (A+BLlogle (a+bx)" (c+dx)"])?dx

Optimal (type 4, 376 leaves, 11 steps):
3B% (bc-ad)?n? Log[bbc;ad] (A+BLog[e (a+bx)" (c+dx)™"])

B (c+d x) B

b d?
3B (bc-ad)n(a+bx) (A+BLog[e (a+bx)" (c+dx)"])?

2bd

38<bcfad)2nLog[ﬁ} (A+BLogle (a+bx)" (c+dx)’””2+

2 b d?
(a+bx)2(A+BL0g[e(a+bx)"(c+dx)'””3 383<bc—ad)2n3PolyLog[2,z(‘j::’z)}

2b b d?

LBB2 (bc—ad)zn2 (A+BLog{e (a+bx)”(c+dx)’”])PolyLog[2 w}+
bdz ’ b(CerX)
3B% (bc-ad)?n®Polylog|3, z—iﬁi—}

b d?

Result (type 4, 2998 leaves):
1
2bd?

-12a%AB?d*n?-6b%*B3>c?n®*+6abB3 cdn®*+6a’B3d*’n®+2aA®bd*x-3A%2b*Bcdnx+
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d(a+bx d(a+bx
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12abB® cdn®PolyLog|3,

Problem 167: Result more than twice size of optimal antiderivative.

dx

(A+BLogle (a+bx)" (c+dx>'”})3
J a+bx
Optimal (type 4, 186 leaves, 6 steps):

(A+BLogle (a+bx)" (c+dx) "] )’ Log[1- bletn]

B d (a+bx)
b
3Bn (A+Blogle (a+bx)" <c+dx)’“})2PolyLog[2, Z—Eﬁ] )
b
6B2n? (A+Blog[e (a+bx)" (c+dx)"|) PolyLog|3, 4(“—‘;';%] ) 6 B> n® PolyLog|4, %]
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4
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4B°n’ Log|

12 AB?n? Log| | Loglc+dx]?-
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24B*n? Logla+bx] Log[c+dx] Log| | Log[e (a+bx)" (c+dx) "]+

b d
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d b -
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d(a+b b (c+d
128n A2+an2LOg[M]2+BZn2Log[c+dx]2+232n2Log[a+bx1 Log[7<c+ JAN
-bc+ad bc-ad
d(a+b d b b (c+d
287 2 Log[ 20X [ ogp A laxEX) g b ferdx) )
-bc+ad b (c+dx) bc-ad

2ABLog|e (a+bx)" (c+dx)’"] +B? Log|e (a+bx)" (c+dx)’”]2+

2Bnloglc+dx] (A-Bnlog[a+bx] +Blog[e (a+bx)" (c+dx)””]

d b d b d b
d(arbx) | -128°n Log[—7<a+ x) ]* PolyLog 2, dfarbx) |+
-bc+ad b (c+dx) b(c+dx)

d b b d

7(a+ X>]2PolyLog[2, 7<c+ XH,

-bc+ad bc-ad

d(a+bx) d(a+bx) b(c+dx)
———| Log[- ——] Polylog[2, ———
-bc+ad b (c+dx) bc-ad
d b b d
7(a+ x) }ZPolyLog[z, 7(C+ X) ]+
b(c+dx) bc-ad

b (C+dx)

24AB?n? Log[c +dx] PolyLog[2, ———] -
bc-ad

PolyLog|2,
12B8%n’ Log]|

24 B*n’ Log]|

} +

128%n® Log| -

3 3 b<c+dx)
24 B° n® Log[a +bx] Log[c +dXx] PolyLog[Z, —_— |+
bc-ad

b(C+dX>

12B8%n® Log[c +d x]?Polylog|2,
bc-ad

]+

b d b d
(C+ X) ] PolyLog[Z, 7(C+ X) -

bc-ad bc-ad
d b b d b d

24 B? n? Log[M] Log{u] PolyLog[2, M] )
-bc+ad bc-ad bc-ad

b (c+dx)

bc-ad

24B*n’ Log[a + b x] Log|

248°n? Log[c+dx] Log[e (a+bx)" (c+dx) "] PolyLog|2,

d b d b d b
dlarbx) X>]+24B3n3’Log[77<aJr X)}PolyLog[B, dfarbx) -
-bc+ad b (c+dx) -bc+ad

d b
248%n? Log[e (a+bx)" (c+dx)™"] PolyLog|3, M] +
-bc+ad

24 AB? n? Polylog|3,

248> n® Log| -

d(a+bx) b(c+dx)
— L —————] PolyLog[3, ———] -
bc-ad b(c+dx) bc-ad

b d d b
M] - 248 n’Polylog|4, (a+bx)

24B%n’L bx)" dx)"| PolyLog|3 —_—
n’Logle (a+bx)" (c+dx) "] Polylog|3, o ad o (crdx)

Problem 168: Result more than twice size of optimal antiderivative.
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J<A+BLOg[e (a+bx>” (C+dx>*”]>3 N

(a+bx)2
Optimal (type 3, 184 leaves, 5steps):
6B3n° (c+dx) 6B2n? (c+dx) (A+BLogle (a+bx)" (c+dx)™"])
(bc-ad) (a+bx) (bc-ad) (a+bx)

2 3

3Bn (c+dx) (A+BLogle (a+bx)" (c+dx)"]) i (c+dx) (A+Blog[e (a+bx)" (c+dx)™"])
(bc-ad) (a+bx) (bc-ad) (a+bx)

Result (type 3, 524 leaves):
1
b(bc-ad) (a+bx]

3B2dn? (a+bx) Log[c+dx]? (A+Bn+BLlogle (a+bx)" (c+dx)™"])+
3B>dn® (a+bx) Logla+bx]? (A+Bn+Bnlog[c+dx] +Blog[e (a+bx)" (c+dx)™"])+
3Bdn (a+bx) Log[c+dXx] (A2+2ABn+ZBZn2+

(7B3dn3 (a+bx) Logla+bx]*>+B*dn® (a+bx) Log[c+dx]?+

2B (A+Bn) Log[e (a+bx)" (c+dx) "] +B? Log[e (a+bx)" (c+dx)’”]2) _
(bc-ad)
3B (A+Bn) Log[e (a+bx)" (c+dx)’"]2+B3Log[e (a+bx)" (c+dx)’”]3> -3Bdn (a+bx)

.

A’ +3A°Bn+6AB°n?+68°n>+3B (A2+2ABn+2B’n?) Logle (a+bx)" (c+dx) "]+

Log[a+bx] (A2+2ABn+ZBZn2+BZn2Log[c+dx]2+ZB (A+Bn) Logle (a+bx)" (c+dx) "]

B’ Log[e (a+bx)" (c+dx)’”]2+ZBnLog[c+dx] (A+Bn+BLlogle (a+bx)" (c+dx)’“])))

Problem 172: Unable to integrate problem.

1
J(ag+ng)2 (A+BLogle (a+bx)" (c+dx)™"]) >

Optimal (type 4, 96 leaves, 4 steps):

A

ewn (c+dx) (e (a+bx)" (c+dx)’“)%Eprntegr‘alEi[f

A+Blogle (a+bx)" (c+dx)™"| ]]/

Bn

(B(bc-ad)g’n(a+bx))

Result (type 8, 38 leaves):
1

J(ag+ng)2 (A+BlLog[e (a+bx)" (c+dx)™"])

dx

Problem 182: Result more than twice size of optimal antiderivative.

J(ag+ng)4

2

[e(c+dx)} x

A+BLog

a+bx

Optimal (type 4, 503 leaves, 19 steps):
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13 B2 (bc—ad)4g4x 7 B2 (bc—ad)Bg4 (a+bx)2

+

30.d* 60 b d?
B2 (bc—ad)zg4 (a+bx)3 5 B2 (bcfad)5g4Log[a+bx}
30 b d? 6bd°
13 B2 (bc—ad)sg“Log[ﬁ} +B(bc—ad)3g4 (a+bx>2(A+BLog[ﬂﬁ>—]) )
30bd® 5bd?
ZB<bc—ad)2g4 <a+bx)3 (A+BLog[%L]) +B(bc—ad)g4 (a+bx)4 A+BLog[gaC:b—d:L]) )
15 b d? 10bd
ZB<bc—ad)4g4 (c+dx) A+BLog[e—($)—]) +g4<a+bx)5(A+BLog[gﬁ)—})zi
5d° 5b
2B (bc-ad)’g* (A+BLog[e—(:ﬁ)—]) Log[l—%ﬂ ) 28% (bc-ad)®g*Polylog|2, S—Eﬁi—}
5bd° 5bd°

Result (type 4, 2847 leaves):
1
60 b d°

g* |24b°B%c®-144ab*B?>c*d+360a%b>B2c>d?-480a>b?B%c?d>+336a*bB%2cd*-96a°B2d° -

24Ab°Bc*dx+26b°B?c*dx+120aAb*Bc>d?’x-118ab*B?2c3d?>x-240a’Ab>Bc?d®x +
204 a2b3>B?c2d®*x+240a°>Ab>Bcd*x-158a°b?B?cd*x+60a*A2bd°x-96a*AbBd®x +
46 a*bB?d°x +12Ab B3 d?x>-7b°B2c3d?x?-60aAb*Bc?d3x?+27ab*B%>c?d3x?+
120a%2Ab3Bcd*x?-33a2b3B2cd*x?+120a>A?b%d>x?2-72a3ADb%>Bd® x>+

13a3b%2B2d° x?-8Ab°Bc?d3x®*+2b°B?c?2d® x> +40aAb*Bcd*x>-4ab*B2cd*x®+
12022 A2b3d° x> -32a2Ab>Bd°x3+2a?b3B2d> x>+ 6 Ab°Bcd*x* + 60 a A% b* d° x* -
6aAb4Bd5x4+12A2b5d5x5+24ab432c4dLog[§+x] —12032b382c3d2L0g[§+x] +

a a a
240 a° b? B? c? d’ Log[ — + x| - 240 a* bB? c d* Log| — + x| + 96 a° B*d® Log| — + x| +
b b b
a 2 c c
12a°B?d° Log| — + x| -24b°B2c® Log[— + x| +120ab*B? c*d Log| — + x| -
b d d
c c c
2403’ b> B2 > d? Log| — + x| +240a> b?B? ¢ d® Log| — + x| - 96 a*bB? cd* Log[ — + x| +
d d d
5p2 5 c 2 4p2 4 c 2 213 R2 3 42 c 2
12b°B*c® Log| — + x| -60ab*B?c*dLog[— + x| +120a’b?B?c*d? Log[ — +x]|" -
d d d
c c
120a3b282c2d3Log[—+x]2+60a4b82cd4Log[—+x}2+12a2b3Bzc3d2Log[a+bx]—
d d

52a>b2B2c?d®Log[a+bx] +86a*bB2cd*Log[a+bx] -24a°ABd°Log[a+bx] -
a C
46 a° B*d° Log[a + bx] - 24 a° B2 d°® Log[ — + x| Log[a +bx] + 24 a° B2 d°® Log[ — + x| Log[a+bx] -
b d
d (a+bx)
-bc+ad

120aAb*Bc*dLlog[c+dx] +106ab*B?>c*dLog[c+dx] +240a2Ab>Bc3d?Log[c+dx] -
152a2b3>B?c3d? Log[c +dx] -240a>Ab?Bc?d3 Log[c+dx] +72a>b?B2c?d® Log[c+dx] +

c
24 2°B*d® Log| — + x| Log| | +24Ab°Bc® Log[c+dx] -26b°B?c® Log[c+dX] -
d

a
120a*AbBcd*Logc+dx] +24b°B?c® Log| — + x| Log[c+dx] -
b
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a a
120ab*B2 c*dLog| — + x| Log[c+dx] +240a2b>B? c*d? Log| — + x| Log[c +dx] -
b b

a
240 a° b? B? c? d® Log[ — + x| Log[c+dx] +120a*bB? c d* Log|[ — + x| Log[c+dx] -
b

o |

c c
24b°B? c® Log| — + x| Log[c+dx] +120ab*B2c*dLog| — + x| Log[c+dX] -
d d
c c
240 a2b>B? > d? Log| — + x| Log[c +dx] +240a°>b?B? c? d® Log| — + x| Log[c+dX] -
d d

b d
120 3% b B2 c d* Log [ = + x| Log[c +d x] - 24b% B2 ¢* Log[ = + x] Log{u] .

d b bc-ad

b d b d
bc-ad b bc-ad

b d b d
(c+dx] ] —120a4szcd4Log{i+x] Log[M] _
bc-ad b bc-ad
elerdx)

120ab*B?c*d Log[§+x} Log |

240 a3 b2 B2 2 d? Log[% + x| Log|

d
24b582c4deog[e<c+bX>] +120ab*B2c*d?x Log N
a+bx a+bx

d d
e (c+ X)}+240a3b282cd4xL0g{M]+

a+bx a+bx

d d
[—e(c+ X)}—96a4szd5xLog[7e<c+ X)}Jr

a+bx a+bx

d d
7e(c+ X>]—60ab482c2d3x2Log{—e (e X>]+
a+bx a+bx
[e(c+dx) e (c+dx)

240 a° b> B? ¢? d’ x Log|
120 a* AbBd° x Log
12 b°B% ¢ d* x? Log|

120 a? b® B? ¢ d* x? Log | +240a° Ab?B d® x? Log|

a+bx a+bx

e(c+bdx) ] —8b582c2d3x3Log[e<c+bdX) "
a+bx a+bx

[e(c+dx) {e<c+dx)

],
72 2% b2 B2 d° x? Log]|

40 ab*B% c d* x> Log | + 240 a% Ab®B d® x? Log

a+bx a+bx
d d

3222682 &% ¢ Log | 2L | 615 82 ¢ gt x* Log | L9
a+bx a+bx

[e(c+dx) [e(c+dx)

+

120 aAb*Bd°® x* Log | -6ab*B?d® x* Log

a+bx a+bx

d d
elevdx) ) 2ga552es Logiasbx) Log| L),
a+bx a+bx

e(c+dx)

+

24 Ab° Bd° x° Log|

e (c+dx
| -120ab*B*c*dLog[c +dx] Log[g +
a+bx a+bx

e (c+dx)

24b> B2 c® Log[c +dx] Log]|

d
| -240a°b? B2 2 d® Log[c + d X] Log[M}+
a+bx a+bx
d d
eferdx) X)}+60a4b32d5xLog[7e (e dx) i
a+bx a+bx
d
}2+1zea2b332d5x3Log[M}z+
a+bx a+bx
e<c+dx)}2+12b582d5x5Log[e(c+dX) 2
a+bx a+bx

240 a2 b*>B? c*> d? Log[c + d x] Log|
120 a*bB? c d* Log[c +d x] Log|
e (c+dx)

120 a® b? B> d° x* Log]|

60 a b* B2 d° x* Log |
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d (a+bx)
24bB%c (b*c*-5ab’c>d+10a’b’c?d?-10a’ b cd® + 5a* d*) Polylog[2, ———~
-bc+ad
b (c+dx
24 a> B2 d° Polylog| 2, Q]
bc-ad

Problem 183: Result more than twice size of optimal antiderivative.

J(ag+ng)3

2

e(c+dx) 5
_— X

A+BLog| "
a+bX

Optimal (type 4, 420 leaves, 15 steps):
SBZ(bc—ad)3g3x Bz<bc—ad)2g3(a+bx)2
- +

+

12.d3 12 b d?
1182 (bc-ad)* g3 Log[a+bx] 582 (bc—ad)4g3Log[$]
N _
12bd* 12 b d*

B (be-ad)”e’ (a+bx)® (A BLog[*50e]) B (bc-ad) g (arbx)’ (A-BLog[~ex])
o (be-ad)’e (coax] (a-slog[* 52| @ [arbx)* (arnog 52 ])

2d4 4b
o (be-24)* g (3~ Log 55 ]| Log[1- 2225 ] 5 (bc-0)* @ palytogz, 2222

2bd* 2bd*

Result (type 4, 2110leaves):
1
12bd*

g |-6b*B>c*+30ab>B>c>d-60a’b’>B2c?>d’>+54a*bB?>cd>-18a*B?d*+6Ab*Bc>dx-5b*B2c3

dx-24aAb3Bc?d?’x+17ab®>B?>c?d?’x+36a?Ab?Bcd®x-19a%2b?B>cd®x+12a>A’bd*x -

18a°AbBd*x+7a’bB2d*x-3Ab*Bc?2d®x?+b*B?>c?2d?x?+12aAb3Bcd®x?-2ab3B2cd?x?+

18a2A%2b2d* x> -9a2Ab?Bd*x?>+a?b?B2d* x> +2Ab*Bcd®x3+12aA’b>d* x> -2aAb3Bd* x>+
a a a

3A2b*d*x*-6ab’B2c?dLlog|— +x| +24a%b?B2c?d® Log| — + x| - 36a’bB? cd®Log[— + x| +
b b b

18a4Bzd4Log[§+x} +3a4BZd4Log[i+x]2+6b4Bzc4Log[§+x} 724ab3Bzc3dLog[S+x] +

Q.

c c c
36a2b282c2d2Log[—+x}—18a3szcd3Log[—+x}—3b4Bzc4Log[—+x]2+
d d d
c 2 c 2 c 2
12ab*B*c*dlog[— +x| -18a?b?B?c*d’ Log| — +x| +12a*bB2cd®Log| — +x]| -
d d d
3a?b?B2c?d’Log[a+bx] +10a*>bB>cd®Log[a+bx] -6a*ABd*Log[a+bx] -
a c
7a*B2d* Log[a+bx] - 6a*B?d* Log[ — + x| Log[a+bx] +6a*B2d* Log[ — + x] Log[a+bx] -
b d
d(a+bx>

-bc+ad
24aAb>Bc3dlog[c+dx] -14ab3>B?>c>dLlog[c+dx] -36a>Ab2Bc?d?Log[c+dx] +

C
6 a* B2 d* Log| — + x| Log| | -6Ab*Bc*Logc+dx] +5b*B2c* Log[c+dx] +
d
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a
9a?b?B?c?d’Log[c+dx] +24a’AbBcd®Log[c+dx] -6b*B?c* Log[— +x] Log[c+dx] +
b
a a
24ab>B*c*dLog|— + x| Log[c+dx] -36a?b?B?c?d? Log| — + x| Log[c+dx] +
b b
a c
24a*bB%cd®Log[— + x| Log[c+dx] +6b*B?c*Log|[— +x] Log[c+dx] -
b d

c c
24ab*B>c*dLog|— + x| Log[c+dx] +36a”b?B?c?d’ Log| — + x| Log[c+dx] -
d d
b (c+dx)
bc-ad

],
b d b d
7b(c+ Z>]+36a2b2B2c2d2Log[§+x] Log[ib(CJr :>
c-a c-a
b d d
—(c+ X)]+6b4B2c3deog[4e (c+ X>]—
bc-ad a+bx
d

" }+36a2b282cd3xLog[e(c+bX>]+

a+bx a+bx

d d
SR (ac+bxx>]18a3bB2d4xLog[—e i“bxx)]

+ +

d d
elerdx <C+b X>]+12ab3B2c:d3x2Log{e<c+b X)}+
a+bx a+bx
[e(c+dx) {e(c+dx)

24a°bB%cd’ Log[§+x] Log[c +dx] +6b*B*c* Log[§+x] Log|
24ab332c3dLog[§+x] Log| ] -
24 a>bB%c d? Log[§+x] Log|
24 ab’ BzczdzxLog[M
243 AbBd* x Log|

3b*B? c?d? x? Log|

36a2Ab?Bd* x? Log | -9a%b?B2d*x? Log

a+bx a+bx
e(c+dx)

+

d
2b*B%2cd®x3 Log[m] +24aAb’Bd*x? Log|
a+bx a+bx
e (c+dx) ] +6Ab4Bd4x4Log[e (c+dx) B

a+bx a+bx

e (c+dx)

2ab’B?d*x? Log|

| -6b*B2c* Log[c +dx] Log[ﬂ} +
a+bx a+bx

e (c+dx)

6 a*B2d* Log[a +bx] Log]|

d
| -36a2b?B*c?d? Log[c +dx] Log[M]+
a+bx a+bx
d d
7e(c+ X>]+12a3bB2d4xLog[7e(c+ X>}2+
a+bx a+bx
d d
efexdx) X>]2+12ab382d4x3Log[4e (ex X>]2+
a+bx a+bx

24ab3*B*c*dLog[c+dx] Log]|
24a*bB%cd’Log[c+dx] Log]|

18 a® b? B2 d* x* Log |

d
3b4BZd4x4Log[M]2+6bB2c (b*c®-4ab?c*d+6a’bcd?-4a°d’)

a+bx

d b b d
dfarbx) | -6a*B?d*Polylog|2, blerdx)

PolyLog|2,
-bc+ad bc-ad

]

Problem 184: Result more than twice size of optimal antiderivative.

J(angng)Z

2

e(c+dx) 5
_— X

A+BLog|

a+bx
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Optimal (type 4, 335leaves, 11 steps):
B2 (bc—ad)zgzx B2 (bc—ad>3g2Log[a+bx1

3 d? b d3
© (bc-20)’ g Log 1] 8 (bc-a) ¢ (ar0x)® A+ mLog[ <52
3bd? 3bd
2B (bc-ad)?g? (c+dx) (A+BLog[e—(:ﬁ)—]) g2 <a+bx)3(A+BLog[%:b—d):‘LH2_
3d3 3b
2B <bc—ad)3g2 (A+BLog[4—Le ai*bdxx ]) Log[l—J—Lz :izz)} ) 2 B2 (bc—ad)3g2 PolyLog[Z, J—W
3bd?3 3bd3
Result (type 4, 1398 leaves):
g2 a2A2x+aA2bx2+lA2b2x3+
3
(-bc+ad) (adLog[a+bx] -bcloglc+dx]) ce+dex
2a’AB +xLog[———] | +
b?2cd-abd? a+bx
2 2
4aAbB[—1(—bc+ad> x 3 Logla+bx] c*Log[c+dx] L ce+dex .
2 bd b?(bc-ad) d?(bc-ad) 2 a+bx

2Ab%B (—(((—bc+ad> (bd (bc-ad)x (-2bc-2ad+bdx) -2a’d’Log[a+bx] +

ce+dex
— +

2b*c’Log[c+dx])) / (6b>d? (bc—ad)))+lx3Log[
3

a+bx

ce+dex,2 1 a 2 C 2
x Log| |- (-bc+ad) [adLog[—er} +bclog|—+x]" -
a+bx bd (bc-ad) b d

2B2

a

a c c
2adLog{E+x] Log[a+bx] +2adLog[a+x] Log[a+bx] —2adLog[a+x]
d(a+bx)

L
og[ -bc+ad

]+2bcLog[§+x] Log[c +dx] —2bcLog[§+x] Log[c+dx] -
a b(c+dx) e(c+dx)
2bcLog[7+x] Log[i] -2adLlogl[a+bx] Log[i
b bc-ad a+bx

d(a+bx)

| +2bcloglc+dx]
e (c+dx
Log[ﬁ]—zbcPolyLog[z, 7bc+ad]—2adPolyLog[2, 4 ] J+

b (c+dx)

(1, ce+dex,2 1
2abB? |~ x?Log| +
2 a+bx 2 b% d?

2d (-bc+ad) (a+bx) (—1+Log[§+x]) -

2

azdzLog[§+x]2+2b (bc-ad) (c+dx) —bzchog[§+x} +

—1+Log[§+x]

2 (a®d’Logla+bx] -b (d (-bc+ad) x+bc’Log[c+dx])) (Log[Zer} 7Log[§+x} +

d b d d b
Log[ 1) L 22 c2 [Log 2+ x] Log L) L poryLog [z, 20X J
a+bx b bc-ad -bc+ad
d b b d
2 a2 [Log[ €+ x] tog 2721 L poryiog 2, BLETEX; ]]
d -bc+ad bc-ad
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ce+dex,2 1

.
a+bx 6b3d3

1
b2B? | = x> Log

-4d (—bc+ad) (bc+ad) (a+bx)

a
71+L0g[g+x}) +

+

2a3d3Log[§+x]2—4b (bc-ad) (bc+ad) (c+dx)

—1+Log[§+x]

+

2b3c3Log[§+x]2+d2 (-bc+ad) |bx (2a-bx) +2b2x2Log[§+x} -2a’log[a+bx]

+

b2 (bc—ad)

dx (2c-dx) +2d2x2Log[§+x] -2c?Loglc+dx]

2 (bd(bc-ad)x(-2bc-2ad+bdx) -2a*d’Logla+bx] +2b>cLog[c+dx])

d

Log[i+x] 7Log[5+x] +Log[M J
b d a+bx

b (c+dx) d(a+bx)
7} +PolyLog[2, e
bc-ad -bc+ad
d b b d

7(a+ X) } +PolyLog[2, 7(c+ X>
-bc+ad bc-ad

4b3c3 (Log[§+x} Log|

433 d3 (Log[;er} Log |

1))

Problem 185: Result more than twice size of optimal antiderivative.

e(c+dx) )2
j(angng) A+Blog|——"]| dx
a+bx
Optimal (type 4, 202 leaves, 7 steps):
B2 (bc—ad)szog[a+bx]
.
b d?
B(bc-ad)g(c+dx) (A+BLog{5$L]) +g(a+bx)2(A+BL0g[%}%ﬂ)2+
d? 2b
B (bc—ad)zg (A+BLog[%:b—dxxL}) Log[l—%] 7 B2 (bc—ad)ZgPolyLog[Z, ;U(:—Z:H
bd2 bdz

Result (type 4, 734 leaves):
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1
2 b d?

e (c+dx)

g |2aA’bd?x+A?b*d’x*-4aABd [adlogla+bx] -b |cLog[c+dx]+dxLog|

1])-
)+

a+bx

S aB e(c+dx)

a2d’Log[a+bx] +b [—chLog[c+dx1 +dx

bc-ad+bdxLog|

a+bx
a 2 C 2 a
ZaBzd[adLog[b+x] +bcLog[E+x] —ZadLog[Eer} Logla+bx] +

d(a+bx)

c c
2adlog|— +x] Log[a+bx] -2adLog|[~ +x| Log|
d d -bc+ad

}+2bcLog[§+x]

b (c+dx)
bc-ad

c a
Log[c +dx] —2bcLog[g+x] Log[c +dXx] —2bcLog[;+x] Log| ] -
d
| +2bcLoglc+dx] Log[M] +

a+bx a+bx
d(a+bx)

e(c+dx)
2adlogla+bx] Log| ——"

d b d
 (c+dx] ]Z—ZbcPolyLog[Z, | -2adPolylog|2, M] +

bdxLog|
a+bx -bc+ad bc-ad

B> |2d (-bc+ad) (a+bx)

—1+Log[§+x]

—adeLog[erx}er

d
b2c2Log[§+x}2+b2d2x2Log[M}z+

Zb(bc—ad) (c+dx) N
a+bx

71+L0g[§+x]

2 (a®d’Logla+bx] -b (d (-bc+ad) x+bc’Log[c+dx])) (Log[erx} 7Log[§+x} +

d b d d b
Log[ie((” X) +2b2c? Log[i+x] Log[i(c+ X>]+PolyLog[2, 7(a+ X)} +
a+bx b bc-ad -bc+ad
d b b d
2a%d? (Log[chx} Log[M} + PolyLog|2, M] J
d -bc+ad bc-ad

Problem 186: Result more than twice size of optimal antiderivative.

J(A+BLog[ﬂ:b—d;)—])z

ag+bgx

dx

Optimal (type 4, 128 leaves, 4 steps):

Log[ bc-ad ] (A+BL0g{e(c+dx)})2

B d (a+bx) a+b x
bg
e (c+dx b (c+d x 2 b (c+d x
28 (A+BLog[ =S ]) polyLog[2, B8] 282 Polylog[3, Fieix]
+
bg bg

Result (type 4, 454 leaves):
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1
3bg
a 2 a c e(c+dx)
3A%Logla+bx] -3AB |Log[—+x| -2Log[a+bx] |Log[~ +x]| -Log|[~ +x]+Log[——"
b b d a+bx
d b b d
2 Log[£+x] Log[M]JrPolyLog[z, M} ]+
d -bc+ad bc-ad
d b
B2 Log[i+x]3+3Log[£+x}2Log[M +
b d -bc+ad
b d
3Log[i+x}2 —Log[£+x}+Log[M] +3Log[a+bx]
b d bc-ad
d 2 d b
(Log[aer}Log[chx}JrLog[e(CJrX)] +6Log[i+x] PolyLog[Z, M +
b d a+bx b -bc+ad
b d d
6Log[£+x} PolyLog|2, M}f?, Log[Eer}fLog[Ser}JrLog[M
d bc-ad b d a+bx
d b b d
Log[i+x}2—2 Log[£+x} Log[M} +Polylog|2, M] ]—
b d -bc+ad bc-ad
d(a+bx) b (c+dx)
6 Polylog[3, ————| - 6 PolyLog[3, —————
-bc+ad bc-ad
Problem 210: Result more than twice size of optimal antiderivative.
dx)? \?
J(ag+ng)4 A+BLog[M dx
(a+bx>2
Optimal (type 4, 515leaves, 19 steps):
2682(bc—ad)4g4x 7Bz(bc—ad)3g4(a+bx)2
- +
15 d* 15bd3
2B% (bc-ad)?g* (a+bx)> 10B% (bc-ad)®g*Logla+bx]
15 b d? 3bd®
2682 (bc-ad)®g*Log[<2=] 2B (bc-ad)’g* (a+bx)? (A+BLog| X ]]
. _
15bd° 5bd3
4B<bc—ad)2g4 (a+bx)3(A+BLog[%‘:b—dx);>z—z]) +B(bc—ad) g* (a+bx)4(A+BLog[e—((a°+L—dx’;)2i]) )
15 b d? S5bd
4B<bc—ad)4g4 (c+dx) (A+BLog[4—Le(ai;dxf;” gt (a+bx>5(A+BLog[4—Le<:+;dX’;22”27
5d° 5b
4B<bc—ad)5g4(A+BLog[%:b—de);2”Log[l—%] 8B% (bc-ad)®g*PolyLog|2, ﬁ%ﬂ
+
5bd> 5bd®

Result (type 4, 2907 leaves):
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1

15b d°®
g* |24b°B2c®-144ab*B2c*d+360a%b>B2c>d?-480a*b?B>c?d®+336a*bB%cd*-96a°B2d° -

12Ab°Bc*dx+26b°B2c*dx+60aAb*Bc>d?>x-118ab*B2c®d?x-120a?Ab3Bc?2d®x +
20422 b3 B%c?d®x+120a3Ab?Bcd*x-158a%b?B?cd*x+15a*A2bd°>x-48a*AbBd° x +
46 a*bB?d°x +6Ab B> d?x>-7b°B2cd?’x*-30aAb*Bc?d®x?+27ab*B?>c?d3x?+
60a2Ab>Bcd*x>-33a2b3B2cd*x*+30a>A’b2d°> x?-36a>Ab’Bd° x?+
13a°b2B2d°x?-4Ab°Bc?d®x®+2b° B> c?d®x3+20aAb*Bcd*x*-4ab*B2cd*x3+
30a2A’b3d°x3-16a%2Ab>Bd° x> +2a?b*B2d> x> +3Ab°Bcd*x*+15aA2b*d° x* -
3aAb4Bd5x4+3A2b5d5x5+24ab4B2c4dLog[§+x] —120a2b3Bzc3d2Log[§+x} +

a
-+

240 2> b2 B? c? d® Log[§+x] -240a*bB? c d* Log[§+x] +96a°B%*d* Log|[ — + x| +

o

a c c
12a582d5Log[—+x}2—24b582c5Log{—+x]+120ab482c4dLog[—+x}—
b d d
c c c
240 a2 b*>B? c* d? Log | — + x| +240a° b? B2 2 d® Log| — + x| - 96 a*bB? cd* Log[~ + x| +
d d d
5p2 5 ¢ 2 4p2 4 ¢ 2 213R2 3 42 c 2
12b° B2 c® Log[— + x| -60ab*B>c*dLog[— + x|  +120a%b> B2 c>d? Log[ — + x| -
d d d
c c
120a3b282c2d3Log[—+x]2+60a4bB2cd“Log[—+x}2+12a2b382c3d2Log[a+bx]—
d d
52a3b2B2c?d®Log[a+bx] +86a*bB2cd*Log[a+bx] -12a°ABd® Log[a+bx] -
5Rp2 45 5Rp2 45 a 5 Rp2 A5 c
46 a° B d’ Log[a+bx] -24a’>B°d Log[—+x} Log[a+bx] +24a°B“d Log[—+x] Logla+bx] -
b d

c d(a+bx)

24 2°B*d® Log| — + x| Log[———"-] +12Ab°*Bc® Log[c +dx] - 26 b° B2 c® Log[c + d x] -
d -bc+ad

60aAb*Bc*dLlog[c+dx] +106ab*B>c*dLog[c+dx] +120a%>Ab>Bc3d? Log[c +dx] -

152a2b®B2c3d? Log[c +dx] -120a>Ab?Bc?d® Log[c+dx] +72a>b?B2c?d® Log[c+dx] +
a
60 a*AbBcd*Log[c+dx] +24b°B?c®Log|[— +x| Log[c+dx] -
b
a a
120ab* B2 c*dLog| — + x| Log[c+dx] +240a2b>B? c>d? Log| — + x| Log[c +dx] -
b b

a
240 a*b?B? ¢ d® Log| — + x| Log[c+dx] +120a*bB? cd* Log| — + x| Log[c+dx] -
b

o |

c c
24b°B? c® Log[— + x| Log[c+dx] +120ab*B2 c*d Log| — + x| Log[c +dXx] -
d d
c c
240a2b>B? ¢ d? Log| — + x| Log[c +dx] +240a°>b?B? ¢ d’® Log| — + x| Log[c+dx] -
d d

b d
120a4szcd4Log[£+x} Log[c+dx] -24b°B2c® Log[iﬂ(] Log| (c+dx) N

d b bc-ad
b d b d
M} - 240 a% b3 B? 3 d? Log[i+x] Log[M] +
bc-ad b bc-ad
b d b d
M] —120a4szcd4Log[i+x] Log[M _
bc-ad b bc-ad

e (c+dx)2

120ab*B? c*d Log[§+x} Log |

240 a3 b2 B? 2 d? Log{s +x| Log]|

d 2
12b° Bzc“deog[M} +60ab*B?c®d*x Log|

(a+bx)2 (a+bx>2
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dx)? dx)?
120a2b382c2d3xLog[M] +120a3b282cd4xLog[M

(a+bx)? (a+bx)?

+

d 2 d 2
30a4Ade5xLog[M} —48a4b32d5xL0g[M .
(a+bx)? (a+bx)?

dx)? dx)?
6 b° B2 c3 d? x? Log[u} —30ab4Bzc2d3x2Log[M +
(a+bx)? (a+bx)?

e(c+dx)2 e(c+dx)2

60 a% b® B? c d* x? Log]| | +60a>Ab?Bd° x* Log|
(a+bx)? (a+bx)?

] +

[e(c+dx)2 [e(c+dx)2

36 a° b> B> d> x* Log | -4b582c?d® X Log
(a+bx)? (a+bx)?

d 2 d 2

202 b" BZ c d*x? Log[M] +60a2Ab%B d° x3 Log[M
(a+bx>2 (a+bx)2

} _

dx)? dx)2
16a2b352d5X3L0g[M]+3b532cd4x4|_0g[u]+
(a+bx)? (a+bx)?

dx)? dx)?
30aAb4Bd5x4Log[M} —3ab4BZd5x4Log[M .
(a+bx)2 (a+bx)2

[e(c+dx)2 e(c+dx)?

6 Ab°>Bd°® x° Log | -12a°B*d° Log[a + bx] Log| |+
2 2
(a+bx) (a+bx)
dx)2
-60ab*B2c*dLlog[c+dx] Log[M} +

[e (c+dx)?
(a+bx)2 (a+bx)2

12b°B? c® Log[c +dx] Log

dx)? dx)?
e(C+7X>}—120a3b2B2c2d3Log[c+dx] Log[M +

(a+bx)? (a+bx)?

] +

120 a2 b?>B? ¢ d? Log[c + d x] Log|

e (c+dx)? (c+dx)

60 a* b B2 cd* Log[c +dx] Log]| | +15a*bB?d° x Log]|

(a+bx)2 (a+bx )

dx)?
]2+30a2b382d5x3Log[ <C+ J
(a+bx)? (a+bx)?

-

e(c+dx)?
30a°b? B2 d° x? Log[ ————

d 2 d 2
15ab4BZd5x4Log[u]2+3b532d5x5Log[u
(a+bx)2 (a+bx)2

2 4 4 3.3 212 2 42 3 3 4 44 d(a+bx)
24bB%c (b*c*-5ab’c>d+10a’b? c?d*-10a° b c d® + 5 a* d*) PolyLog|2, -
-bc+ad
b (c+dx)

24 a° B2 d° Polylog| 2,
bc-ad

]

Problem 211: Result more than twice size of optimal antiderivative.
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e (c+dx)2] 2

A+BLog[ dx

J(ag+ng)3

(a+bx)2

Optimal (type 4, 422 leaves, 15 steps):
SBZ(bc—ad)3g3x Bz(bc—ad)2g3’(a+bx)2
- +

+

3d3 3 b d?
11 B2 (bc—ad)4g3Log[a+bx] 5B? (bc—ad)4g3Log[—:S§]
+ _
3bd* 3bd*
2 3 2 e (c+dx)? 3 3 e (c+dx)?
B(bc-ad)®g?® (a+bx) (A+BLog[4—L(a+bX>z ” B(bc-ad)g®(a+bx) (A+BLog{4—L(a+bx)Z ])
+
2bd? 3bd
B 3 3 e (c+dx)? 3 4 e (c+dx)? 2
B(bc-ad)’g?® (c+dx) (A+BLog[—(—)—(a+bx)z}) g® (a+bx) (A+BLog[—(—)—(a+bx>2”
d4 4b
B 4 3 e (c+dx)? _ d(asbx 2 B 4 3 d (a+b x
B(bc-ad)*g’ (A+Blog[= =X ]] Log[1- 422X ]  2B2 (bc-ad)g Polylog[2, Hebx]
b d* b d*
Result (type 4, 2127 leaves):
,| 6a*B? 2b3B2c* 1@0ab?B2c® 20a’bB2c? 18a*B2c , ;
g |- - + - + +a’A“x-3a’ABx+
b d* d? d? d
7 5., Ab?Bc*x 5b3B*c*x 4aAb’Bc’x 17ab?*B’c?’x 6a’AbBcx
—a’B x+ - - + + -
3 d? 3d3 d? 3d2 d
19a’bB%?cx 3 3 1 Ab3>Bc?x? b3B%c?x?
= a?A’bx*-=a’AbBx*+ —a’?bB%x?- + +
3d 2 2 3 2 d? 3 d?
2aAb?Bcx> 2ab?B?cx? 1 Ab*Bcx® 1
- +aA’b?x®- —aAb?Bx®+ ————— + “A’b3x*+
d 3d 3 3d 4
a a a a
6a4BZLog[E+x] _2ab282c3Log[;+x] +8a2b82c2Log[g+x} _12a3Bchog[;+x] )
b d? d? d
2
a4BZLog[§+x} +2b3Bzc4Log[§+x} _8ab282c3 Log[§+x} ) 12a2szc2Log[§+x] )
b d4 d3 d?
6a3B2cLog[£+x] b3B2c4Log[£+x}2 4ab282c3Log[9+x]2 6a2szc2Log[5+x]2
d - d . d - d .
d d* d? d?

2
4a3Bchog[§+x] a*ABlog[a+bx] 7a*B2logla+bx] a?bB2c?logl[a+bx]
- - +

d b 3b d?
102782 c Log[a+bx] 2 a* B2 Log[§+x} Log[a+bx] 2a*B? Log[§+x} Log[a+ b x]

+ —

3d b b
2a4BZLog[§+x] Log[%‘t—?}] Ab3Bc*Log[c+dx] 5b3B2c*Llog[c+dx]
b ) d ' 3d
4aAb’Bcdlog[c+dx] 14ab?B2clog[c+dx] 6a’2AbBc?Log[c+dx]
o ) 33 ) o

+

+
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3a2bB2c?log[c+dx] 4a*ABclog[c+dx] ZbBBZCALOgE*X] Log[c +dx]
+

d? d ) d4 '

8ab2B2c3Log[§+x} Log[c +dx] 12a2bB2c2Log[§+x} Log[c +d x]

d3 N d2 i
8a3B2cLog[§+x] Log[c +d X] 2b3B2c4Log[§+x} Log[c +dX]

d ' d* )
8aszzc3Log[§+x} Log[c +dx] 12a2szc2Log[§+x} Log[c +dx]

d3 * d2 -
8a3B2cLog[§+x] Log[c +dx] 2b3Bzc4Log[§+x} Log[ﬁ)—]

d : d*
8ab2B2c3Log[§+x} Log[%] ) 12a2bB2c2Log[§+x} Log[%] )

d? d?

3 Rp2 a b (c+dx)

8a3B cLog[b+x] Log| — +233ABXLOg[e<C+dX)2

d (a+bx)2

3 p2 e (C + d X) ’ b3 Bz C3 X Log [ e(a(ifbdx);:} 4a bz BZ CZ X Log [ e(ai;dx);zz ]

3a’B?x Log| + -

(a+bx)? d? d?
6a2bB2cx Log|&lcrdx] dx)?2 dx)?2

(o+b)* +3a2Abe2Log[—e (c+dx] }7Ea2szx2Log[7e<c+ d -
d (a+bx)? 2 (a+bx)?

b*> B2 c2 x2 Log| J—Le(a:dx);; | 2ab?B?cx?Log| —(—)—e(ai*bdx); : e (c+dx)?

+ +2aAb’Bx?Log|
2 d2 d (a+bx>2

b3 B2 ¢ x3 Log[ﬂw)—z]

1 e (c+dx)? bx)?2 1 e (c+dx)?
~ab?B”x?Log| ( ) + (2:0x) +7Ab3Bx4Log[¥
3 (a+bx)2 3d 2 (a+bx)2
a*B2Log[a + bx] Log[%;)—dx’;)z—} b3 B2 c* Log[c +d X] Log[e—((a:)—dx’;)z—]
b i d*
4ab?B2c3Log[c+dx] Log[e—(M)z—z} 6a2bB2c?Log[c+dx] Log[gﬂ)z—z]
(a+b x) (a+b x)
d? d?
(cedx)?
4a3B2cloglc+dx] Log[e(aibx’jz] - e(c+dx)? ;
+a’BxLlog| ————| "+
d (a+bx)?

d 2
iaZszxzLog[M}ZJraszzﬁLog[ +lb3Bzx4Log[
2 (a+bx)? (a+bx)? 4 (a+bx)?

e (c+dx)? e(c+dx)2}z

+

2B%c (b*c®-4ab?c?d+6a’bcd?-4ad?) Polylog|2, deac*—l;XdL} 2 a*B2 PolyLog|2, ﬁq

d* b
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Problem 212: Result more than twice size of optimal antiderivative.

2

e(c+dx)2 4
— X

A+BLog|

J(angng)Z

(a+bx)2

Optimal (type 4, 343 leaves, 11 steps):
4 B2 (bc—ad)zgzx 4 B2 (bc—ad)ngLog[a+bx]

3d? b d3
4 B2 (bc—ad)3g2Log[$] 2B (bc-ad) g (a+bx)2(A+BLog[4—Le(ai;dx’;zz])_
3bd? 3bd
+ 2 n 2 2
48 (bc-ad)?g? (c+dx) (A+BLog[e—((a°+b—dx’;)z—” +g2 (a+bx)3(A+BLog[ﬁl—” )
3d3 3b
4B (bc—ad)3g2 (A+BL08[_(_e(ac+;dx);;” Log[l— J—L‘; (:iz;] 8 B2 (bc—ad)3g2 PolyLog{Z, J—Lz (:gz)
+
3bd3 3bd3
Result (type 4, 1458 leaves):
g? a2A2x+aA2bx2+1A2b2x3+2a2AB
3
2(—bc+ad) (adLog[a+bx] —bcLog[c+dx]) +xLog[C2e+2CdeX+d2exz] Caanbs
b2cd-abd? (a+bx)?
2 2 2 2 2
7(7bc+ad) (x+a Log[a + b x] o c Log[c +dx] +lx2Log[c e+2cdex+d*ex ] .
bd b2(bc-ad) d?(bc-ad) 2 (a+bx)?
2Ab28(—(((—bc+ad> (bd (bc-ad) x (-2bc-2ad+bdx) -2a*>d’Log[a+bx] +
3 3 1 c2e+2cdex+d?ex?
2b*cLoglc+dx])) /(3b>d® (bc-ad))) + =X’ Log| I+
3 (a+bx)2
c?e+2cdex+d?ex?,2 1 a 2 o 2
a’B? |x Log| |+ —4]adlog|—+x]| +bcLog[—+x] -
(a+bx)? bd b d
a c c
2adLog[E+x] Log[a+bx]+2adLog[g+x] Log[a+bx]72adLog[5+x]
d(a+bx) a c
Log[7]+2bcLog[7+x] Log[c+dx}—2bcLog[7+x] Log[c+dx] -
-bc+ad b d
a b (c+dx) e(c+dx)?
2bclog|—+x]| Log| ———]| -adLog[a+bx] Log| ——————] +bclog[c+dx]
b bc-ad (a+bx)?
dx)? d b b d
Log{u} -2bcPolylog|2, M} -2adPolylog|2, M] +
(a+bx)2 -bc+ad bc-ad
1 c?e+2cdex+d?ex? 2 1 a
2abB? |~ x*Log| + 2|2d (-bc+ad) (a+bx) [-1+Log|[—+x]|-
2 (a+bx>2 b2 d2 b
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aZdZLog[E+x]2+2b (bc-ad) (c+dx) (—1+Log[§+x}) -
bzchog[§+x]2+ (a®d’Logla+bx] -b (d (-bc+ad) x+bc’Log[c+dx]))

e(c+dx>2}J

(a+bx)2

+

2Log[§+x} —2Log[§+x] +Log[

b (c+dx) d(a+bx)

2 b? c? +

Jik

] + Polylog [2,
bc-ad -bc+ad

d(a+bx> b(c+dx)
7] +PolyLog[2, _—
-bc+ad bc-ad

Log[§+x] Log[

2 a% d?

Log[§+x] Log[

[c2e+2cdex+d2ex2}z 1

1
b2 B2 | = x> Log +
3 (a+bx)? 3p3d3

2

-4d (-bc+ad) (bc+ad) (a+bx) (—1+Log[§+x}) +2a3d3Log[§+x]2—

4b (bc-ad) (bc+ad) (c+dx) (—1+Log[§+x}) +2b3c3Log[§+x]2+

+

& (-bc+ad)

bx (2a-bx) +2b2x2Log[§+x] -2a’Logl[a+bx]

+

b> (bc-ad) (dx(Zc—dx) +2d2x2Log[§+x] -2c?Log[c+dx]

(bd (bc-ad) x(-2bc-2ad+bdx) -2a*d*Log[a+bx]+2b>c’Loglc+dx])
e (c+dx>2}J
(a+bx)2

d (a+bx) J

2Log[§+x} —2Log[§+x] + Log|

b d
4b3c3 M] + PolyLog|2,

bc-ad -bc+ad

Log[§+x] Log[

433 d3

C d(a+bx) b<c+dx)
Log|[— + x| Log[ ————] +PolyLog[2, ——+
d -bc+ad bc-ad

Problem 213: Result more than twice size of optimal antiderivative.

e(c+dx)? 2
J(ag+ng> A+Blog|—————]|| dx
(a+bx)2
Optimal (type 4, 211 leaves, 7 steps):
4 B2 (bc—ad)ZgLog[a+bx]
.
b d?
wdx)2 (c+dx)? 2
2B (bc-ad) g (c+dx) (A+B|—°g[%]) +g(a*bx>2 (A+BL°g[e<ac+bdx>2 ]) .
dZ 2b
25 (e-ad] g [n-BLog[*555 ]| Log[1- 2255 | ag bc-ad)gralytogz, 2222

b d? b d?
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Result (type 4, 754 leaves):

N e (c+dx)?
L1, 2aAB( 2adLog[a+bx]+2bcLog[c+dx]+bdeog[4—)—(a+bx)2])
aA“x+ —Abx°+
2 bd

8

-2bc?loglc+dx] +dx(2bc—2ad+bdeog[4—)—e<c*dx2])

AB 2a%Llogl[a+bx] . arbx)? .
b d?
1 3 a 2 C 2 a
——aB”|4adlog[—+x| +4bclog|—+x| -8adlog|[— +x] Log[a+bx] +
bd b d b
c c d(a+bx) a
8adlog|— +x] Logla+bx] -8adLog[— +x]| Log[————"] +8bclog|— +x|
d d -bc+ad b
c a b(C+dX>
Log[c+dx] -8bclog|—+x| Log[c+dx] -8bclLog[~ +x] Log[ ——"] -
d b bc-ad
e<c+dx)2 e<c+dx)2
4adlogla+bx]Llog[—————|+4bcloglc+dx] Log|[———]|+
(a+bx)2 (a+bx)2
dx)? d b b d
bdeog[M]2—8bcPolyLog[2, M] -8adPolylog|2, M +
(a+bx)2 -bc+ad bc-ad
d 2
b B2 lszog{e<c+ d }2+ ! 2 (2d(-bc+ad) (a+bx) —1+Log[i+x] -
2 (a+bx)2 b2 d? b

aZdZLog[s+x]2+2b (bc-ad) (c+dx) (—1+Log[§+x}) -
bzchog[§+x]2+ (a®d’Logla+bx] -b (d (-bc+ad) x+bc’Log[c+dx]))

e(c+dx>2}J

(a+bx)2

+

2Log[§+x} —2Log[§+x] +Log[

2 b? c? +

)

Problem 214: Result more than twice size of optimal antiderivative.

+dx)? 2
J (A+ B Log[J—Le(aibxx)z ] )

ag+bgx

b d d b
7(C+ X> ] +PolyLog[2, 7<a+ X)

a
Log[7+x] Log[
b bc-ad -bc+ad

d b b d
2a%d? —(a+ x) | +PolyLog|2, 7(c+ X)

Log{£+x] Log|
d -bc+ad bc-ad

dx

Optimal (type 4, 132leaves, 4 steps):
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Log[_dbc—ad ] (A_‘_BLog{e(c»fdx)z})Z

B (a+b x) (a+bx)?
bg
4B (A+BLog[4—Le<ai;dXX>;}) Polylog[2, B (:Sz)} ) 8B2Polylog[3, Bicdx (:‘;;]
bg bg
Result (type 4, 624 leaves):
2 Log[2 +x]?
A“Log[a+bXx] +32AB B {b ] +1
bg g b b
a c e 2cdex d? e x?
Log[a+bx] |2Log|[— +x]| -2Log[~ + x| + Log| + +
b d (a+bx)? (a+bx)* (a+bx)?
c b [S+x b [S+x
2 Log[;+x] Log[1 - - %]*POIVLOg[Z: _a+:i] L 4Log[§+x]3 L
+_Bz - + —
b g 3b b
a C c’e 2cdex d? e x?
Log[a+bx] |2Log|[— +x]| - 2Log[—+x] + Log| + +
b d (a+bx)2 (a+bx)2 (a+bx)2
a c c’e 2cdex d? e x?
2 |2Log|[—+x]| -2Log[~ +x] +Log| + +
b d (a+bx 2 (a+bx>2 (aerx)2
b S+x b [ Six
Log[§+x]2 2 |Log|[ % +x] Log[l——(;b—}] +Polylog|2, —({%}]
- + +
b b
b|<+x b (<+x
18 lLog[Eer}zLog[lf (d )]+Log[—+x]PolyLog[2, (d )
b |2 d Y d 4. be
d d
b[<+x bd [€+x
PolyLog[3, (d)] —18 1Log[i+x] Log[7+x]—Log[ (d )
7a+bd—c b |2 b bc-ad
d(a+bx) d(a+bx)

a
Log[ngx} PolyLog[Z, - ] +PolyLog[3, -

bc-ad bc-ad
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Problem 222: Unable to integrate problem.

1
dx
J(ag+ng)2 (A+BLog[MH

(a+bx)?

Optimal (type 4, 91 leaves, 3 steps):

A A+B Log{m}

e 2 (c+dx) ExpIntegralEi| ﬁa_bxl;]

2B (bc-ad) g (a+bx) e (crdx)?

(a+b x)?

Result (type 8, 36 leaves):

1
dx
J(ag+ng)2 (A+BLog[e—(M)—2”

(a+b x)?

Problem 223: Unable to integrate problem.

1
dx
J(ag+ng)3 (A+BLog[%ﬂ)—2”

a+bx)?

Optimal (type 4, 151 leaves, 7 steps):

A A+B Log{ A+B Log { eri:d:\); }

de 20 (c+dx) ExpIntegralEi| ﬁﬂ)z—] be s ExpIntegralEi [—— =]

e (c+dx)z}

2 2B (bc-ad)?eg3
2B (bc-ad)?g (asbx) [elcdxt (bc-ad)’eg

(a+bx)?

Result (type 8, 36 leaves):

1
dx
J\(ag+ng)3 (A+BLog[M})

(a+bx)?

Problem 227: Unable to integrate problem.

1
dx
J(angng)z (AJrBLog[g”—d"Lz})2

(a+bx)?

Optimal (type 4, 147 leaves, 4 steps):

A ) A+BLog{%}
e 25 (c+dx) ExpIntegralEi| ——— o] o ax
- +
elcdn?
06 (be_ad g (aebx) [swans 2B [be-20) & (arbx] [npLog[+50])

(a+bx)?
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Result (type 8, 36 leaves):

1
dx
J(angng)z (AJrBLog[gMLZ})2

(a+bx)?

Problem 228: Unable to integrate problem.

1
dx
J(ag+ng)3 (A+BLog[e—(ﬂ)—2”2

(a+bx)?

Optimal (type 4, 206 leaves, 10 steps):

2
A A+B Log[e (cdx) }

de 20 (c+dx) ExpIntegralEi| —ZBCMZ—]

482 (bc-ad)®g® (a+bx) | &ledxs crdx)?

(a+bx)?

A+B Log[e ’\“‘“]2}

bes ExpIntegralEi| (esbx)” = | crdx
N
28% (bc-ad)’eg’ 2B (bc-ad)g®(a+bx)? (A+BLog[4—)—e(a:dx);;])

Result (type 8, 36 leaves):

J : ) dx
(ag+ng)3 (A+BLog[e_((ac++b_dX>;)2_ZH
Problem 229: Unable to integrate problem.

1
J(ag+ng)2 (A+BlLog[e (a+bx)" (c+dx)™"])

dx

Optimal (type 4, 96 leaves, 4 steps):

A 1 A+BLog[e(a+bx)”(c+dx)'"]]]/

ewn (c+dx) (e (a+bx)" (c+dx) ")« ExpIntegralki|-
Bn

(B(bc-ad)g’n(a+bx))

Result (type 8, 38 leaves):
1

J(ag+ng)2 (A+BLogle (a+bx)" (c+dx)™"])

dx

Problem 240: Result more than twice size of optimal antiderivative.

J(-F+gx)3

2

e (a+bx) 4
_ X

A+BlLog|

c+dx
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Optimal (type 4, 874 leaves, 15 steps):
Bz(bc—ad)3g3x Bz(bc—ad)zgz(4bdf—3bcg—adg)x Bz(bc—ad)2g3(c+dx>2
+

6 b3 d3 4b3d3 : 12 b2 d* '
8 (bc-ad)"glLog[ Y] B (bc-ad)’g’ (4bdf 3bcg-adg)Log[tT]
6 b d* 4 b* d* 2b*d’?

B(bc-ad)g(a*d*g’-2abdg (2df-cg) +b> (6d°f*-8cdfg+3c’*g’)) (a+bx)

e(a+bx) B(bc-ad)g?(4bdf-3bcg-adg) (c+dx)2(A+BLog[5M])
A+BLog| - cdx 1
c+dx 4 b? d*
B(bc-ad)g?(c+dx)>[A+BLog|&@bx0
| € ) ( e ”7 ! B(bc-ad) (2bdf-bcg-adg)
6bd* 2 b*d*
_ b
(2abd2_Fg_a2d2g2_b2 <2d2'F2—2cd'Fg+c2g2)>Log[M A+BLOg[M _
b (c+dx) c+dx
(bf-ag)* (A+BLog[J—Hc""jxX ])2 ) (frgx)* (A+BLog[L'i;bxx HZ .
4b*g 4g
B2 (bc-ad)*g’Llog[c+dx] B?(bc-ad)’g?(4bdf-3bcg-adg) Log[c+dx] 1
+ +
6 b* d* 4 b4 d* 2 b*d*
B2 (bc—ad)zg(azdzgz—zabdg(de—cg)+b2 (6d>f>-8cdfg+3c?g?)) Loglc+dx] -
1
B2 (bc-ad) (2bdf-bcg-ad
L ) g-adg)
d(a+bx)
(2abd’fg-a*d®g?-b? (2d*f*-2cdfg+c?g?)) Polylog[2, —
b (c+dx)
Result (type 4, 2229 leaves):
A2f3x+EAZ-Fng2+A2Fg2x3+1A2g3x4+
2 4
2ABf3 (adLog[a+bx}+bdeog[ﬂ$—b:L}—bcLog[c+dx]
bd '
1 ;(6a*x 6c*x 3a’x? 3c2x? 2ax?
—ABg - - + + -
12 b3 d? b2 d? b
3 4 b 4
2cx®> 6a*log[a+bx] +6x4Log[e<a+ x) +6c Log[c +dx] .
d b* c+dx d*
AB_ng((bcad)x(zbc+2adbdx) +Za3Log[a+bx]+
b2 d? b3
b 3
2)(3Log[e(a+ x), 2cLog[c+dx] L1
c+dx d3 b2 d2
e (a+bx)

3ABf’g (azdzLog[a+bx] +b (d (-bc+ad) x + b d?x* Log| | +bc?Loglc+dx]

]+

c+dx

1 a 2 C 2 a
—~ B2¢3 [adLog[—+X] +bcLog[—+x] —2adLog[—+X} Log[a+bx] +
bd b d b



104 | Mathematica 11.3 Integration Test Results for 3.2.1 (f+g x)~m (A+B log(e ((a+b x) over (c+d x))”n))~p.nb

c c d(a+bx)
2adlog[— +x] Logla+bx] -2adLlog|[—+x]| Log| ——] +
d d -bc+ad
e(a+bx) e(a+bx) ) a
2adlogla+bx] Log[7}+bdeog[ } +2bcLog[7+x] Log[c+dx] -
c+dx c+dx b

c e (a+bx) a
2bclog[—+x] Log[c+dx] -2bclog]| | Loglc+dx] -2bclog|[—+x]
d c+dx b
b d d b b d
Log[M] —2bcPolyLog[2, M} —2adPolyLog[2, M} +
bc-ad -bc+ad bc-ad
b
iBzgi‘ 3x4Log[e<a+ d 2, 1 | 6btcti6ab’cPdr6abed® - 6atdt-5bicidx
12 c+dx b* d*

5ab>c?d?’x+5a’b?cd®x-5atbd*x+b*c?d?x?-2ab’cd3x?+a%b?d*x?-

a a a c
6ab’c®dLlog|—+x| +6a*d* Log[~ +x] 73a4d4Log[—+x]2+6b4c4Log[—+x} -
b b b d
c c
6a>bcd®Log[— + x| 73b4c4Log[7+x]273a2b2c2d2Log[a+bx} -2a’bcd®Logla+bx] +
d d

a c
5a*d*Logla+bx] +6a%*d*Log[— +x| Log[a+bx] -6a*d*Log[— +x]| Log[a+bx] +6a*d*
b d

d b b b
LOg[Eer} Log[u} —6b4c3deog[M} +633bd4XLOg[M .
d -bc+ad c+dx c+dx
b b b
3b4c2d2x2 Log{M] _332b2d4X2 LOg[e <a+ X) _2b4Cd3X3 Log[m} .
c+dx c+dx c+dx
e(a+bx) E<a+bx>
22b%d*x’ Log[ — "] -6a*d* Log[a +bx] Log[ — "] +5b*c* Log[c +dx] -
c+dadx c+dx

a
2ab*c*dLlog[c+dx] -3a*b*c?d?Log[c+dx] -6b*c*Log[— +x] Log[c+dx] +
b

b
6b4c4Log[E+x] Log[c +dx] +6b4c4Log[e (a+ X) ] Log[c +d x] +6b4c4Log[i+x]
d c+dx b
b d d b ) .
Log[M] +6b% c*PolyLlog|2, M] + 6.a* d* PolyLog 2, (C+X)}) .
bc-ad -bc+ad bc-ad
e(a+bx) 2 1

szfzg x2Log[ (—2d(—bc+ad) (a+bx)
2

a
-, —1+Log[—+x})+
c+dx b-d b

+

azdzLog[ngx]z—Zb (bc-ad) (c+dx)

71+L0g[§+x]

b
0 ¢ Log[ S+ x]* - 2 efarbx)
d

a C
Log| — +x| -Log|— +Xx| - Lo
gl +x| -tLog|~+x] -Log|

c+dx
(a>d*Logla+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -
b d d b

7<C+ X) } +PolyLog[2, 7(;;” x)
bc-ad -bc+ad
d b b d

7(a+ X) | +PolyLog|2, —(C+ X)
-bc+ad bc-ad
e(a+bx) 1

c+dx 76b3d3

2b% c? (Log[erx} Log|

2a%d?

]

Log[§+x} Log|

] ;

4d(-bc+ad) (bc+ad) (a+bx) (—1+Log[§+x}) -

3B°fg’

1x3 Log|
3

2a3d3Log[§+x]2+4b (bc-ad) (bc+ad) (c+dx)

—1+Log[§+x]
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2b3c3Log[§+x]2+d2 (bc-ad) [bx (2a-bx) +2b2x2Log[§+x] -2a’logla+bx]| +

b®> (bc-ad) (dx (-2c+dx) —2d2x2Log[§+x] +2c2Log[c+dx]J -

e (a+bx)

a c
2 Log[ngx} —Log[Eer} —Log[ o dx

(bd (bc-ad) x (-2bc-2ad+bdx) -2a*d®>Log[a+bx] +2b*>c?Log[c+dx]) +

b (c+dx) d(a+bx)
7} +PolyLog[2, _—
bc-ad -bc+ad

d(a+bx) b(c+dx>
————| +Polylog[2, ——F
-bc+ad bc-ad

+

|

Problem 241: Result more than twice size of optimal antiderivative.

J(-F+gx)2

Optimal (type 4, 532 leaves, 12 steps):

4b3c3 [Log[§+x} Log |

]

433 d? (Log[:er} Log |

2

e (a+bx) 4
_— X

A+ BLog|

c+dx

B2 (bc-ad)?g?x B2 (bc-ad)>g?Log|2:2]
+

c+d x
3 b2 d? 3 b3 d3
2B (bc-ad)g(3bdf-2bcg-adg) (a+bx) (AJrBLOg[e(amx)])

c+d X

3 b3 d?
B(bc-ad) g (crdx)’ [A-Blog[=2Ru]] 4
3bd3 +3b3d3
2B (bc-ad) (azdzgz—abdg(3df—cg)+b2(3d2f2_3cd1cg+czgz>>Log[w
b (c+dx)
latx) | (oF-28)" (A+8iog[~225))7 [r-gx)* (n-Blog[*220 ]’
A+BlLog| - . X
c+dx 3b3g 3g
B2 (bc-ad)’g?log[c+dx] 2B?(bc-ad)’g(3bdf-2bcg-adg) Loglc+dx] 1
* +
3b3d3 3b3d3 3b3d3

2B? (bc-ad) (a®d*g’-abdg (3df-cg) +b? (3d*f*-3cdfg+c?g’)) PolylLog|2,
b (c+dx>

Result (type 4, 1294 leaves):
A2 f2x + A2 Fgx?+ 1A2g2x3+
3

2ABf2 (adLog[a+bx1 +bdxLog | etabx] —bcLog[c+dx]>

c+d x

1 2
+ ZABg
bd 3

[(bcad) X (2bc+2ad-bdx) 2a*log[a+bx] e (a+bx) ~2c’Log(c+dx]

+

+ +2x3Log[
b2 d? b3 c+dx d3
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b
12AB1‘:g(—a2d2Log[a+bx]+b d(—bc+ad)x+bd2x2Log[M}+bc2Log[c+dx1 +
b2 d? c+dx
iB2-F2 [adLog[a+x]2+bcLog[c+x]22adLog[a+x} Log[a+bx]+2adLog{£+x}
bd b d b d
c d(a+bx) e (a+bx)
Log[a+bx] -2adLlog|[— +x| Log|———"] +2adlogla+bx] Log[——"] +
d -bc+ad c+dx
efa+bx) a c
bdeog[i] +2bcLog[7+x} Log[c+dx}—2bcLog[7+x] Log[c+dXx] -
c+dx b d
e (a+bx) a b (c+dx)
2bclog| | Loglc+dx] -2bclog|~+x]| Log[ ——"] -
c+dx b bc-ad
d(a+bx) b (c+dx)
2bcPolylog[2, ———] -2adPolylog[2, ——— ]| +B*fg
-bc+ad bc-ad

e(a+bx) 2 1
c+dx b2 d?

—1+Log[§+x]

x? Log| [—2d(—bc+ad) (a+bx) +a2d2Log[§+x]2—

2b (bc-ad) (c+dx) (—1+Log[§+x]) +b2c2Log[§+x}2—2

Log[s+x} —Log[§+x} -

Log[e (a+bx)]

y (a*d*Log[a+bx] -b (d (-bc+ad) x+bc®Loglc+dx])) -
c+dx

b(c+dx) d(a+bx)
—————L] +polylog[2, ———F
bc-ad -bc+ad

d(a+bx) b(c+dx>
————] +Polylog[2, ——F
-bc+ad bc-ad

2b%c? (Log[erx} Log |

+

2a%d? (Log[;er} Log |

il

4d (-bc+ad) (bc+ad) (a+bx)

e(a+bx) ) 1
c+dx 6 b3 d3

BZ gz

—1+Log[§+x]

1x3 Log |
3

—1+Log[§+x]

bx (2a-bx) +2b2x2Log[§+x] -2a’log[a+bx]

2a3d3Log[§+x]2+4b (bc-ad) (bc+ad) (c+dx)

+

2b3c3Log[§+x]2+d2 (bc-ad)

b’ (bc-ad) [dx (-2c+dx] —2d2x2Log[§+x] +2c?Llog[c+dx]| -
b
2 (Log[aer} —Log[£+x} —Log[M
b d c+dx

(bd (bc-ad) x (-2bc-2ad+bdx) -2a*d®>Log[a+bx] +2b*>c®Log[c+dx]) +

b(c+dx) d(a+bx)
————] +PolyLog[2, ——*
bc-ad -bc+ad

d(a+bx) b(c+dx>
7} +PolyLog[2, _
-bc+ad bc-ad

+

|

Problem 242: Result more than twice size of optimal antiderivative.

J(f+gx)

4b3c3 (Log[§+x} Log |

]

433 d? (Log[;er} Log |

2

e (a+bx) 4
_ X

A+BLog|

c+dx
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Optimal (type 4, 270 leaves, 9 steps):
B(bc-ad)g(a+bx) (A+BLog[tpx ]|

_ c+d x
b2 d
B(bc-ad) (2bdf-bcg-adg) Log[ﬁ] A+BLog[e—(c""+*d—b):‘)—])
b2d2 -
(bf-2g)" (a-BLog[*Znx])" (Fgx]® (ArBLog[ 25 ])"
2b%g 2g
B2 (bc—ad)szog[c+dx] B2 (bc—ad) (Zbdf—bcg—adg) PolyLog[Z, %ﬂ
b2 d? ' b2 d2

Result (type 4, 745leaves):

1
2b2d?
e (a+bx)
2A%b*d* fx+A’b’>d?’gx>+4AbBdf |adlogla+bx] +bdxLog[———"] -bcloglc+dx]| -
c+dx
e (a+bx)

2ABg | +bc?Loglc+dx]

+

a’d?Log[a+bx] -b (d (-bc+ad) x+bd?x?Log|

c+dx

a 2 c 2 a
2bBde(adLog[E+x] +bcLog[g+x} 7ZadLog[g+x] Log[a+bx] +

c c d(a+bx)
2adlog[— +x]| Log[a+bx] -2adLog|[— +x]| Log[——"] +
d d -bc+ad
e(a+bx) e(a+bx) 5 a
2adlog[a+bx] Log[i] +bdeog[7] +2bcLog[7+x] Log[c+dx] -
c+dx c+dx b

c e (a+bx) a
2bclog[—+x] Loglc+dx] -2bclLog]| | Loglc+dx] -2bclLog|[— +x]
d c+dx b
b d d b b d
Log[M} —2bcPolyLog[2, M] —2adPolyLog[2, M +
bc-ad -bc+ad bc-ad
B°g [2d (-bc+ad) (a+bx] (71+Log[§+x}) 7a2d2Log[§+x]2+
2b (bc-ad) (c+dx) —1+Log[§+x} —b2c2Log[§+x]2+
b b
bdeXZLOg[M]ZJrZ Log[i+x]—Log[£+X]—Log[M
c+dx b d c+dx

(a*d*Log[a+bx] -b (d (-bc+ad) x+bc®Loglc+dx])) +

b(c+dx> d(a+bx)
————1] +polyLog[2, ———~ J .
bc-ad -bc+ad

2b2¢?

Log[§+x] Log|

2 a%d? Log[§+x] Log[M] +Polylog|2, W}J]]

-bc+ad bc-ad
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Problem 243: Result more than twice size of optimal antiderivative.

J

Optimal (type 4, 125 leaves, 6 steps):
2B (bc-ad) LOE[M} (A+BLog[ﬂa*—bXL])

2

e(a+bx) 4
B X

A+BlLog|

c+dx

b (c+dx) c+d x
bd
(a+bx) (A+BLog[L(:++d_b:L”2 + 282 (bc-ad) PolyLog[2, Si20% |
b bd

Result (type 4, 338 leaves):

b
A2bdx+2AB e(arbx)

adlogla+bx] +bdxLog|
bd

| -bcloglc+dx]| +B2

c+dx

a 2 C 2 a C
adLog[ngx} +bcLog[a+x] —ZadLog[Eer] Log[a + b x] +2adLog[a+x] Log[a+bXx] -

c d(a+bx) e(a+bx)
2adLog[7+x] Log[i] +2adLlogl[a+bx] Log[i +
d -bc+ad c+dx
e(a+bx) a c
bdx Log| |"+2bclog[~ +x]| Log[c+dx] -2bclog[—+x] Log[c+dx] -
c+dx b d
b b d
2bcLog[M} Log[c +dx] —2bcLog[i+x} Log[M} -
c+dx b bc-ad
d(a+bx) b (c+dx)

2bcPolylog|2, | -2adPolylog|2,

-bc+ad bc-ad

]

|

Problem 244: Result more than twice size of optimal antiderivative.

J(A*Bmgw—uﬁf 1)’

f+rgx

dx

Optimal (type 4, 277 leaves, 9 steps):

Log[ bc-ad } (A+BLOg[e(a+bx) ])2 (A+BLOg[e(a+bx) ])ZLOg[lf (df-cg) (a+bx)]

b (c+d x) c+d x c+d x (bf-ag) (c+dx)
g g
e (a+bx) d (a+bx) e (a+bx (df-cg) (a+bx)
28 (A+BLog[ 22X ] ) polyLog[2, $2:22] 2B (A+BLog[=122* ] | Polylog[2, Lifcal (et ]
+
g g

5 d (a+b x 2 (df-cg) (a+bx)
2B PolyLog[B, —(—)-b (mdx)] 2B PolyLog[B, bfag) (C+dX)}

g g
Result (type 4, 1348 leaves):



[
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R -bc+ad (bf-ag) (c+dx) 2
° Log[d(aerx)]Log[(d-F—cg) (a+bx)] :

R a , a 2
A?Log[f+gx] -2ABLog[— +x| Log[f+gx] +B?Log|[— +x| Log[f+gx]+
b b

c a c
2ABLog[E+x} Log[f +gx] - 2 B? Log[ngx} Log[a+x} Log[f+gXx] +

e (a+bx)

5 c 2
B Log[g+x} Log[f+gx}+2ABLog[ J }Log[FJfgx]—
c+dx
e (a+bx e (a+bx
2B2Log[§+x} Log[%} Log[f+gx}+ZBZLog[§+x] Log| (C++dx>]Log[f+gx]+
b b (f
BzLog[e(ca+dXX)]ZLog[f+gX]+2ABLOg[§+x} Log[%ﬁ?}_
+ —
b (f b b (f
o Log] 2 x"Log LT EXL ] 262 og 2 ] Log[ T2 g LLE2EXL )
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d b (f d b (f
ZBZLog[ier} Log[M Log w],BZLOg[M]ZLOg[w]+
b -df+cg bf-ag -df+cg bf-ag
282 Log[ B8 e+ dx] Log[“ﬂf_ag) lc+dx) Log 2T~ 8%) <f+gx>},
-df+cg (df-cg) (a+bx) bf-ag
bf- d b (f d(f
BZLog[( 2g) (c+dx) 2Log[ < +gx)}—ZABLog{E+x] Log[w]Jr
(df-cg) (a+bx) bf-ag d df-cg
d(f+gx d(f+gx
ZBZLog[erx} Log[§+x] Log[(:f-Fc,gHBZLog[:er]zLOg[d(fcg) -
b d(f
2B2Log[£+x} Log[e(aJr ) og[w -
d c+dx df-cg
d d (f d d (f
2BZLOg{E+X} LOg[M Log[w] BZLOg g(c+ X>]2L0g{ ( +gX>]_
b -df+cg df-cg -df+cg df-cg
67 Log| AT | g 0Fmag) (codx] d(Frex)
-df+cg (df-cg) (a+bx) df-cg
g 228 (€08x) 2 [beiad) (£ px]
(df-cg) (a+bx] (df-cg) (a+bx)
b bf- d b
25 4+ 510g] © 1T g Log] 12T TELICT AN | gy g 5, E12 10
c+dx (df-cg) (a+bx) -bf+ag
b bf- d d
2B A+BLOg[M]+BLog[< ag) (C+ X)} PolyLOg[Z, g(C+ x)
c+dx (df-cg) (a+bx) -df+cg
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, (bf-ag) (c+dx)
d(a+bx)]72B PolyLog|3, (df-cg) (a+bx])
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Problem 245: Result more than twice size of optimal antiderivative.

J(mog[ﬂ:ﬁw

(F+gx)2

dx

Optimal (type 4, 196 leaves, 4 steps):

(a+bx) (A+BLog{5::d—b):‘)—])2 2B (bc-ad) (A+BLog[e—(ca+;—b:L” Log[l—fg‘;—::%}

(bf-ag) (F+gx) (bf-ag) (df-cg)

28% (bc-ad) Polylog|2, ‘(gi—::g—gii—zzﬂ

(bf-ag) (df-cg)

Result (type 4, 3258 leaves):
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5 a 2 ) 2 s a 2
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c
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— o |

Q.
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c
+ x| —2Ade-ngLog[g+x} +

(@]

2aABdg’xLlog[— +x] +2bBde2Log[§+x} Log[§+x] 72aBdegLog[%+x} Log[§+x] +

U Q

2bB>dfgxLlog[— +x] Log[§+x] —2aB2dg2xLog[§+x} Log[§+x] -

o
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b b
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d c+dx d c+dx
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2aB2dg2xLog[£+x} Log[m}—szdszog[M]z_'_
d c+dx c+dx

e(a+bx) e(a+bx) ) e(a+bx) )

}2+aBzngLog[ -aB’cg’log[— ] -

bB2cfglog|
c+dx c+dx c+dx
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d d
2szc-FgLog[i+x] Log[M}+2aBzngLog[i+x} Log[7g<c+ X) -
b -df+cg b ~df+cg
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_bc+ad Log (bf-ag) (c+dx)
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- bf- d
2bB?cg’xLog| IDc+ad]Log( 2g) (c+dx) +
d(a+bx) (df-cg) (a+bx])
- b - d
2282dg? x Log| bc+ad]Log( ag) (c+dx) i
d(a+bx) (df-cg) (a+bx)
d bf- d
2szc-FgLog[g(CJr X)}Log[< ag) (C+ X>
-df+cg (df-cg) (a+bx])
d bf- d
2aBZd1chog[g(CJr X)}Log[< 2g) (c+dx] -
-df+cg (df—cg) (a+bx)
d bf- d
2szCg2XLog[g(c+ X>]Log[( ag) (c+ X>]+
-df+cg (df-cg) (a+bx)
g (c+dx) (bf-ag) (c+dx) (bf-ag) (c+dx)
2aBng2xLog[ ]Log[ ]+bBZC'FgLog[ -
-df+cg (d'F—Cg) (a+bx> df—cg) (a+bx)
- d bf- d
aBzdfgLOg[< 28) (c+dx) 2+szcg2xLog[< 2g) (c+dx) 2
(df-cg) (a+bx) (df-cg) (a+bx)
bf - d £
aBzdgzxLog[< 2g) (c+dx) 2-2Adef2Log[w +
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bf-ag bf-ag bf-ag
b (f b (f
2szd-F2Log[E+x} Log[w}—ZaBzngLog[i+x} Log[i( "8 +
b bf-ag b bf-ag
b (f b (f
26820 gxLog[ 2+ x] tog| =] 2apragixLog[ 2+ x] Log| L EX)
b bf-ag b bf-ag
b b (f b b (f
2682 d Log[ a+bx) Log[—( +gx>]+2b|32c1CgLog[7e (a-bx) Log[—( +gx>],
c+dx bf-ag c+dx bf-ag
b b (f b b (f
2682 dfgxog] 2y Log T 8 ) o g grxLog[ 120Ny g2 FrEX)

c+dx bf-ag c+dx bf-ag

d b (f d b (f
2bB2df2Log[M Log w]+2bB2c-FgLog[g<c+ x) Lo w]f

-df+cg bf-ag -df+cg bf-ag
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d b (f d b (f
2bBde€XL°8[g(C+ X>]L0g[ ( +gX>]+2bl32cg2xLog[g(C+ X)]Log[ ( +gx>]+
-df+cg bf-ag -df+cg bf-ag
d(f d (f d(f
2Adef2Log[w}-2aABdfgLog[w]+2Adefngog[w -
df-cg df-cg df-cg
d(f d (f
ZaABngXLOg[w]—2bB2df2Log[i+X] Log{w]+
df-cg b df-cg
d (f d(f
ZaBzd'FgLog[i+x] Log[w]‘Zszdfngog[i+x} Log[_( +gx_)]+
b df-cg b df-cg
d(f b d(f
2257 dgxLog[ % +x] Log[ 1 X1 ] 2bpras Log| T2 )| Log T IEX] )
b df-cg c+dx df-cg
b d(f b d(f
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b d (f d d (f
2aBzdg2xLog[e(aJr X>]|_og[ ( +gX)]+2szdf2Log[g(c+ X_) Lo [—( +gx) )
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d d(f d d(f
2bBZC‘CgL°8[g(C+ d Log ( +gx>]+2bBdengog[g<c+ ) Log ( +gx)]_
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d d(f
2bB2cg2xLog[g(CJr X) Log| ( +gx>]+2B2 (bc-ad) g (f+gx)
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b d
PolyLog|2, M] 28 (bc-ad) g (f+gx) Polylog2, AL (cxdx),
-bfrag _df+cg
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Problem 246: Result more than twice size of optimal antiderivative.

J(Awtog[%f: J)°

(-F+gx)3

dx

Optimal (type 4, 369 leaves, 9 steps):
B(bc-ad)g(a+bx) (A+BLog[w”

c+d X

(b-F—ag)2 (df-cg) (f+gx)

b2 (A+BLog[ﬂﬂL])2 <A+BLog[ﬂM])2 B2 (bc-ad)?gLog| =8

c+d X c+d X c+d X

Zg(bf—ag)z N 2g(-F+gx)2 * (b-Ffag>2<d‘F7cg)2 +
laco) ) (a7 oce) (3o
(B<bcad> 20df-beg-ads) [avmiog T [reslne [ ]/

(dfcg) (atbx)
# (be-ad) (2bd¢-bcg-adg) rolylogl2, LRz

(<bf_ag)2(df_cg)2)+ (bf-ag)®(df-cg)?
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Result (type 4, 18235 leaves):
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c 2
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d d
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.
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d(f+gx)? d(f+gx) ~df+cg
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Problem 247: Result more than twice size of optimal antiderivative.
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Result (type 4, 55110 leaves): Display of huge result suppressed!

Problem 248: Result more than twice size of optimal antiderivative.

ﬁmwg[%:b: )’

(-F+gx)5

dx

Optimal (type 4, 1159 leaves, 15steps):
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B2 (bc—ad)zg3 (c+dx)2 B2 (bc—ad)3g3 (c+dx)

- - +
12 (bf-ag)®(df-cg)’ (Frex)’ 6(bf-ag)’ (df-cg) (frgx)
B2 (bc-ad)?g? (4bdf-bcg-3adg) (c+dx) B (bc-ad)*g® Log| 22X ]
- +

c+d x

4(bf—ag)3(df—cg)4(f+gx) 6(bf—ag>4(df—cg)4

s (bc-ad)’ g’ (4647 beg 3adg) Log[ 2]

c+d x

+

4(bf—ag>4 <d1‘:—cg)4

B(bc-ad)g®(c+dx)? (A+BLog[M”

c+d X

6(bf-ag) (df-cg)® (F+gx)?

B(bc-ad) g (4bdf-bcg-3adg) (crdx)” (A+BLog[=2px])

4(bf-ag)?(df-cg)* (f+gx)?
(B (bc-ad)g(3a®d*g>-2abdg (4df-cg)+b* (6d°f*-4cdfg+c’g?))

b
(a+bx) A+BLog[M

c+dx

] ]/ (2 (bf-ag)* (df-cg)’ (-F+gx)) +

b4 (A+BLog[ﬂa*—bX)—])2 (A+BLog[ﬂﬂ)—])2 B2 (bc-ad)*g? Log | F&X ]

c+d X c+d X + c+d X

4g(bf-ag)* ag (frgx)* 6(bf-ag)* (df-cg)’

B2 (bc-ad)’g? (4bdf-bcg-3adg) Log[ T&]

4(bf-ag)*(df-cg)’
f+rgx

(BZ (bc—ad)zg (3ad’g?-2abdg (4df-cg) +b? (6d*f*-4cdfg+c?g?)) Log|

)/

c+dx
(2 (bf-ag)* (df—cg)4) -

(B (bc-ad) (2bdf-bcg-adg) (2abd*fg-a*d*g>-b® (2d*f*-2cdfg+c’g?))

e (a+bx) (df-cg) (a+bx)

A8 Log| (bf-ag) (c+dx|

Log[1 -

] /(2 (bf-ag)* (df—cg)4) -

c+dx
(BZ (bc-ad) (2bdf-bcg-adg) (2abd*fg-a*d*g>-b® (2d*f*-2cdfg+c’g?))

(df-cg) (a+bx)
(bf-ag) (c+dx)

Polylog|2,

] /(2 (bf-ag)* (df—cg)“)

Result (type 4, 142893 leaves) : Display of huge result suppressed!

Problem 272: Result more than twice size of optimal antiderivative.

J(-F+gx)3 2

dx
Optimal (type 4, 869 leaves, 15 steps):

e (a+bx>2

A+ BLog
i [ (C+dx)2

]
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2 B2 (bc—ad)3g3x B2 (bc—ad)zg2 (4bdf-3bcg-adg) x

+ +

3b3d3 b3 d?
B2 (bc-ad)’g® (c+dx)?
(bc-ad)"g [c-dx) - B(bc-ad)g
3b2d* b* d3
e(a+bx)?
(a®d?g?>-2abdg (2df-cg) +b® (6d°f>-8cdfg+3c’g?)) (a+bx) [A+Blog[———
(C+dx>2
: B (b d) g (4bdf-3b dg) (c+dx)* [A+BL [e(a+bxy]
c-a -3bcg-a c+dx +Blog| ———
2 b2 d* : £ote : (c+dx)?
+ 2 N 2 2
B(bc-ad)g?(c+dx)’ (A+BLog[e—((cam—b):;)z—}) ) (bf-ag)* (A+BLog[e—((:m—bx);)z—” )
3pdt 4btg
('F+gx>4 (A+ B LOg['e(ci;bx);zz})z
- B(bc-ad) (2bdf-bcg-adg)
4g b* d*
e(a+bx)2 bc-ad
(2abd’fg-a*d’g?-b? (2d*f*-2cdfg+c?g’)) [A+Blog|——— || Log[——| +
(C+dX>2 b<C+dX)
ZBZ(bc—ad)4g3Log[$] BZ(bc—ad)3g2(4bd-F—3bcg—adg)Log[%]+
3 b*d* b4 d*
28% (bc-ad)*g®Log[c+dx] 82(bc—ad)3g2(4bd-F—3bcg—adg)Log[c+dx} 1
+ +
3 b*d* b* d* b* d*
2 B? (bc—ad)zg(azdzgz—zabdg(2d1:—cg>+b2 (6d*f>-8cdfg+3c*g”)) Loglc+dx] -
1
b4d4282 (bc-ad) (2bdf-bcg-adg)
d b
(2abd®fg-a*d’g?- b (2d2f2—2cdfg+c2g2)>PolyLog[Z,M
b (c+dx)

Result (type 4, 2279 leaves):
3 1

A FPx+ A FPgx+A2Ffg2x3+ = A2g3 x4+
2 4

e—(ﬂ)—z}—ZbcLog[cmx]

(c+d x)

2ABf3 (2adLog[a+bx] +bdxLog|

bd

6alx 6c3x 3a?x? 3cZx? 2ax3
_ _ . . _

b3 d3 b2 d? b

1
~aABg?
6

2cx3 6a*logla+bx] . e<a+bx)2 6 c*Log[c+dx]
- +3X Log[ + +

d b* (C+dx)2 d*

(bc-ad) x(2bc+2ad-bdx] 2a3Log[a+bx]
b2d2 + b3 +

2ABfg?

e(a+bx)2} 2c3Lloglc+dx] 1

x3 Lo 3ABf?
g{(c+dxy d? ' 2 &

b2d
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e (a+bx>2}

2d (-bc+ad) x+bd?x? Log|
<C+dx)2

+2bc?loglc+dx] ||+

[Zazd2 Log[a+bx] +b

1

a 2 c 2 a
—B?f3 |[4adlog|—+x| +4bclog[—+x| -8adLog[—+x| Log[a+bx] +
bd b d b
c c d(a+bx)
8adlog|— +x] Log[a+bx] -8adLog|[— +x]| Log[ ——"] +
d d -bc+ad
e(a+bx)2 e(a+bx)2 ) a
4adlogla+bx] Log[7]+bdeog[7] +8bcLog[7+x] Log[c+dXx] -
(c+dx)? (c+dx)? b
c e(a+bx)2 a
8bcLog[7+x} Log[c+dx}—4bcLog[ ]Log[c+dx]—8bcLog[7+x}
d <C+dx)2 b
b (c+dx) d(a+bx) b (c+dx)
Log[———"] -8bcPolyLog[2, ———| -8adPolyLog[2, ——— || +
bc-ad -bc+ad bc-ad
! B2g® |-24b%*c*+24ab>c®d+24a2bcd®-24a%*d*-20b* 3 dx+20ab3c?d?x+
12 b* d*

20a2b?cd®*x-20a*bd*x+4b*c?d?’x*-8ab3cd®x?+4a%b?d* x> -
a a a c
24ab’ A dlog|— +x| +24a*d* Log| — + x| —12a4d4Log[—+x]2+24b4c4Log{—+x] -
b b b d
c c
24a*bcd’ Log|— +x] 712b4c4Log[—+x}2712a2b2c2d2 Log[a+bx] -
d d
a
8a’bcd®Logla+bx] +20a*d* Log[a+bx] +24a*d* Log| — +x] Log[a+bx] -
b

d(a+bx)
-bc+ad
e(a+bx)2]

24 a* d* Log[§+x} Log[a+bx] +24a%*d* Log{§+x] Log|

e(a+bx)2} e(a+bx)2 )

12b* A dxLog| +12a*bd*x Log]| +6b*c?d? x? Log|
(c+dx)2 (c+dx)2 (c+dx)2
e (a+bx)2

e(a+bx)2 e(a+bx)2

6 a? b2 d* x* Log | -4b*cd®x* Log]| | +4ab®d*x* Log]|
(c+dx)2 (c+dx)2 <c+dx)2
e(a+bx)2 e(a+bx)2

12 a*d* Log[a + b x] Log| | +3b*d*x* Log| ]2+20b4c4Log[c+dx]f

(c+dx>2 (c+dx)2
a

8ab®>c®dLlog[c+dx] -12a?b?c?d?Log[c +dx] -24b* c* Log[ — + x| Log[c +dx] +
b

e (a+bx)2

24 b* c* Log[£+x} Log[c +dx] +12b* c* Log|
d (c+dx)2

| Loglc+dx] +

b(c+dx) d(a+bx)
———] +24b* c*Polylog[2, ——— | +
bc-ad -bc+ad
b (C+dx>]

bc-ad

24b* c* Log[§+x} Log|

e (a+bx)2 )

24 a* d* Polylog|2,
(c+dx) 2

+3BZ'F2g

lx2 Log |
2

1
b? d?

2|-2d(-bc+ad) (a+bx) (—1+Log[§+x])+a2d2Log[§+x}2—2b(bc—ad) (c+dx)
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b 2
(—1+Log[£+x}) +b2c2Log[£+x]2— 2Log[i+x] —2Log[£+x] —Log[M
d d b d (c+dx)?

(a®d*Logla+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -

b d d b
2 b2 c? Log[§+x] Log[M] + PolyLog|2, M J -

bc-ad -bc+ad

2 a2 g2 Log[§+x] Log{M] +Polylog|2, W}J]J +

-bc+ad bc-ad

[e(a+bx)2]z 1

- —1+Log[i+x}
(c+dx)2 b3 d3

b

2 |4d(-bc+ad) (bc+ad) (a+bx)

B2 f g2 (xz' Log

—1+Log[§+x]

2a3d3Log[E+x}2+4b (bc-ad) (bc+ad) (c+dx)

2b3c3Log[§+x}2+d2(bc—ad) +
b’ (bc-ad) (dx<—2c+dx) —2d2x2Log[§+x] +2c?Log[c+dx]

bx (2a-bx] +2b2x2Log[§+x} -2a’logla+bx]

e (a+bx)2

2Lo[a x| 2Lo[c x| - Log|
-+ - -+ -
& b & d & (c+dx>2

(bd(bc-ad) x(-2bc-2ad+bdx) -2a*d®*Log[a+bx] +2b>c®Loglc+dx]) +
b (c+dx) d(a+bx)
———"] +PolyLog[2, ——
bc-ad -bc+ad

d(a+bx) b(c+dx)
———] +Polylog[2, ——
-bc+ad bc-ad

4033 +

]

Problem 273: Result more than twice size of optimal antiderivative.

J(-FJrgx)2

Optimal (type 4, 542 leaves, 12 steps):

Log[§+x] Log|

43 d3

}

Log[§+x] Log[

2

e(a+bx)2 4
7 X

A+ BLog
i [ (c+dx)2

]
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482 (bc-ad)2gx 4B (bc-ad)g(3bdf-2bcg-adg) (a+bx) (A+BLog[ga*—bxﬁ])

(c+d x)? ~
3 b2 d? 3b3 g2
28 (bc-ad) g (c+dx)? (A~BLog[=0x"])
3bd3
+ 2 . 2
(0F-28) (a-BLog[ <N ])" (Frex) (A-Blog[ERW])
3b’g 3g 3b3 d?

4B (bc-ad) (a®d’g’-abdg (3df-cg) +b> (3d°F*-3cdfg+c®g?))

e (a+bx)2

bc-ad 4Bz(bc—ad)3g2|_og[w]
A+BLog[ } Lo [

. c+d x
(crdx)? b (c+dx) 3p3 g2
4 B2 (bc—ad)3g2Log[c+dx]

3b3d3 :

8 B? (bc—ad)zg (3bdf-2bcg-adg) Log[c+dx]
3b3d3

1
N
3b3d3
8B> (bc-ad) (a®d*g’-abdg (3df-cg) +b> (3d*f*-3cdfg+c?g’)) Polylog|2, M
b (c+dx)

Result (type 4, 1323 leaves):
1

3

6 AB 2 <2adLog[a+bx] +bdeog{%ca;—bX’;)z—z] -2bclog[c+dx]

+
bd

3A2F2x +3A2Fgx®+A%2g2 x>+

bc-ad) x(2bc+2ad-bdx 2a3L b
2AB g ( ) x ) ,2alogla+bx]
b2d2 b3

; e(a+bx)®.  2c3Loglc+dx]
X Log[ (c+dx)2 - &

1
N 6ABfg
b2 d2

[Zazd2 Logla+bx] +b

b 2
2d(—bc+ad)x+bd2xﬂmg[giii—iLﬂ

+2bc?Llog[c+dx]
<C+dx)2

+

1
— 3B* f?
bd

a 2 c 2 a
4adLog[g+x} +4bcLog[a+x] 78adLog[E+x] Log[a+bx] +

+

c c d(a+bx)
8adlog|— +x| Logla+bx] -8adLog|[~ +x]| Log[ ——*
d d -bc+ad

e (a+bx)2] +bdeog[e (a+bX)2]2

4adlogla+bx] Log| +8bcLog[i+x] Log[c+dx] -
(c+dx)2 (c+dx)2 b

c e(a+bx)?
8bcLog[g+x} Log[c+dx] -4bclog]

| Log[c+dx] -8bcLog|~—+x]

oo

<c+dx)2
d(a+bx)
-bc+ad

b (c+dx)

Log[ bc-ad

b <c+dx
| -8adPolylog[2, ———]| +

bc-ad

] - 8bcPolylLog [2,
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e(aerx)2 ) 1

(c-dx)? b

6B2fg lszog[ 2|-2d(-bc+ad) (a+bXx) (—1+Log{§+x]]+
2

+

adeLOg[§+x]2—2b (bc-ad) (c+dx) (—1+Log[§+x}

b 2
b2c2Log[£+x]27 2Log[i+x]72Log[£+x}7Log[M
d b d (c+dx)2
(a?d*Logla+bx] -b (d (-bc+ad) x+bc?Log[c+dx])) -
b d d b
2b%2c? Log{i+x] Log{M] +PolyLog|2, M
b bc-ad -bc+ad
d b b d
2a%d? Log[£+x] Log[M]JrPolyLog[z, M} ]J+
d -bc+ad bc-ad
e<a+bx)2 ) a
B2 g? |x3 Lo - 2|4d (-bc+ad) (bc+ad) (a+bx) [-1+Log|—+x]|]| -
g s[(c+dﬂ2} P (-bcrad) (bcrad) (arbx) |-1+Log x]

Za3d3Log[§+x}2+4b (bc-ad) (bc+ad) (c+dx)

—1+Log[§+x]

+

bx (2a-bx) +2b2x2Log[§+x} -2a’Log[a+bx]

b> (bc-ad) (dx(—2c+dx) —Zdzszog[ier] +2c?Llog[c+dx]

2b3’c3Log[§+x}2+d2 (bc-ad)

e (a+bx)2

2Log[§+x] —2Log[§+x] —Log[

(C+dx>2

(bd (bc-ad)x (-2bc-2ad+bdx) -2a*d’Log[a+bx]+2b’>c®Loglc+dx]) +

b d d b
7(C +dx) | +PolyLog|2, 7(a *bx] ]
bc-ad -bc+ad

4b3c3 +

Log[§+x] Log|

423343

Log[§+x] Log[%] + PolyLog|2, %}J]J]

Problem 274: Result more than twice size of optimal antiderivative.

J(-FJrgx) 2

Optimal (type 4, 281 leaves, 9steps):

e (a+bx)2

<C+dx>2

A+BlLog| dx
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2B (bc-ad) g (a+bx) (A+BLog[ga+_b><ﬁ])

_ (c+d x)? ~
b2 d
+ 2 4 2
e R R e
2b%g 2g b2 g2
bx)? -
2B (bc-ad) (2bdf-bcg-adg) A+BLog[M] Log[ 2229 1,
(c+dx)? b (c+dx)
482 (bc-ad)?glog(c+dx] 482 (bc-ad) (Zbdf—bcg—adg)PolyLog[z,%}
b2 d? " b2 d2

Result (type 4, 767 leaves):

2A2b2d2fx+A2b>d?gx?+

2 b2 d?
e(a+bx)?
4AbBdf [2adlogla+bx] +bdxLog[—————]|-2bclog[c+dx]| -
(c+dx)2
e(a+bx)?
2ABg|2a*d’Logla+bx] -b [2d (-bc+ad) x+bd*x?Log[ —————] +2bc?Log[c+dx] || +
(c+dx>2
2bB%df 4adLog[§+x]2+4bcLog[§+x]2—8adLog[§+x} Log[a+bx] +
c c d(a+bx>
8adLog[7+x] Log[a+bx]—8adLog[7+x] Log[i +
d d -bc+ad
e(a+bx)? e(a+bx)? a
4adlogla+bx] Log[—————] +bdxLog[—————] +8bcLog[—+x] Log[c+dx] -
<c+dx)2 (c+dx)2 b
c e<a+bx)2 a
8bclog|[— +x| Loglc+dx] -4bcLlog[————] Log[c+dx] -8bclog|[—+Xx|
d (c+dx) b
b d d b b d
Log[M} —8bcPolyLog[2, M] fSadPolyLog[Z, M +
bc-ad -bc+ad bc-ad
B°g [8d (-bc+ad) (a+bx] —1+Log[§+x})—4a2d2Log[§+x]2+
8b (bc-ad) (c+dx) —1+Log[§+x} —4b2c2Log[§+x]2+
bx)? bx)?
b2d2x2Log[M}2+4 2Log[i+x}—2Log[£+x]—Log[M}J
(c+dx)2 b d (c+dx)2
(a*>d*Log[a+bx] -b (d (-bc+ad) x+bc’Loglc+dx])) +
b d d b
8 b2 c? Log[i+x] Log[u]JrPolyLog[z, M +
b bc-ad -bc+ad
8 a?d?

d b b d
Log[5+x] Log[M] +PolyLog[2, M}J]]
d -bc+ad bc-ad
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Problem 275: Result more than twice size of optimal antiderivative.
J ] dx
Optimal (type 4, 129 leaves, 6 steps):

(a+bx) (A+BLog[M])2

e (a+bx)2

A+BLog
' [ <C+dx)2

(c+dx)?
b
4B (bc-ad) (A+BLog[ePx ]| Log[ bl ] ) 887 (bc-ad) Polylog2, (28]
bd bd

Result (type 4, 385leaves):

1 2 2 a 2 2 C 2
— |A’bdx+4aB’dLlog[—+x| +4bB2clog|—+x| +
bd b d

a C
4aABdlogla+bx] -8aB>dlog|— +x]| Log[a+bx]+8aB?dLog|[— +x| Log[a+bx] -
b d

d(a+bx) e(a+bx)2
———1].2AbBdxLlog[———
-bc+ad (c+dx)2

} +

e (a+bx)2 )

8aBZdLog[§+x] Log|

b 2
M] +bB?dxLog|

4aB?dlogla~+bx] Log|
(c+dx)? (c+dx)?

a c
4AbBcloglc+dx] +8bB*clog|— +x]| Log[c+dx] -8bB?clog|[—+x| Log[c+dx] -
b d

bx)* b(c+d
4bB2cLog[M} Log[c+dx] 78szcLog[i+x] Log[g] _
(c+dx)2 b bc-ad
d b b d
8 b B2 c PolyLog|2, M] -8aB>dPolylog|2, M}
-bc+ad bc_-ad

Problem 276: Result more than twice size of optimal antiderivative.

e (a+bx)? 2
J (A+ B LOg[ (c+dx)? ])

f+rgx

dx

Optimal (type 4, 285leaves, 9 steps):
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(A_‘_BLog{e(a»fbx)z})zLog[ bc-ad }

B (c+dx)? b (c+dx)
g
+ 2 -cg + + +
(A +Blog [ e(cidbx);zz } ) Log [1 B (Si—: g) (i+zz) } ~ 48 (A +B Log[e(cidbx)jzz } ) POIyLOg[Z’ f) (;Zi) } .
g g
+ 2 - +
48 (A4—BLog[9éijf%;}) Polylog 2, {Hf-callabe | )
g
+ - +
8 B2 Polylog|3, %] _ 8 B2 Polylog|3, i—gu—)“g:i:g) (‘;Z; ]
g g
Result (type 4, 1370 leaves):
_ bf- d
& -4B% Log| bcrad Log[( 2g) (c+dx] sy
g d(a+bx) (df-cg) (a+bx)

X a , a 2
A?Log[f+gx] -4ABLog[— +x| Log[f+gx] +4B?Log[— +x| Log[f+gx] +
b b

c a c
4ABLog[g+x} Log[f +gx] - 8 B Log[;+x} Log[g+x} Log[f+gx] +

2 < 2 E<a+bx)2
4Blﬁg[a+x}lngH+gx]+2ABLogP7:—;;ff]ug[f+gx},
+
b x)? bx)2
4B2Log[i+x} Log[m] Log[-F+gx]+4BZ|_og[£+X] Log[u} Log[f+gx] +
b (crdx)? d (c+dx)?
bx)® b (f
BZLog[M]ZLog[F+gx}+4ABLog[i+x} Log[& _
(c+dx)? b bf-ag
b (f b x)? b (f
4BZL°g[3+X}2L0g[w]+4BzL0g[i+X} Log [~ (225%) | Lo o(frex) +gx>]+
b bf-ag b (c+dx)? bf-ag
d b (f d b (f
SBZLOg[i.;.X} Log[M |_0g[w]_482|_0g[g(c+ X)]ZLOg[ < +gX)}+
b -df+cg bf-ag ~df+cg bf-ag
d bf- d b (f
-df+cg (df-cg) (a+bx) bf-ag
bf- d b (f d(f
4Bz'—°g[( 28) (c+dx] *Log w}74ABLog[E+X] Log[w +
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Problem 279: Result more than twice size of optimal antiderivative.

(arbx)2 1) 2
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dx

Optimal (type 4, 724 leaves, 12 steps):
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Result (type 4, 55173 leaves): Display of huge result suppressed!
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Problem 280: Result more than twice size of optimal antiderivative.

2
J (A +BLog| J—Lewajxfzz ] )

(F+gx)5

dx

Optimal (type 4, 1154 leaves, 15 steps):
Bz(bc—ad>2g3(c+dx)2 2 B2 (bc—ad)3g3 (c+dx)

- - +

3(bf-ag)® (df-cg)’ (Frex)® 3(bf-ag)’ (df-cg)® (frex)

B2 (bc-ad)?g? (Abdf-bcg-3adg) (c+dx) B(bc-ad)g?(c+dx)’ (AJ’BLOg[e_((:;—b;;)z_Z”
N _

(b-F—ag)3 (df—cg)4 (f+gx) 3(bf-ag) (d-F—cg)4 (f+gx)3

)/

e (a+bx)2

B(bc-ad)g?(4bdf-bcg-3adg) (c+dx)* |A+BLog|

<c+dx)2

[2(bf-ag)” (af-cg)* (Frex)?)

B(bc-ad)g(3a®d’g’-2abdg (4df-cg)+b®>(6d*fP-4cdfg+c’g?))

e (a+bx)2

a+bx
( ) <C+dx)2

A+BLog|

]

]/ ((bf—ag)4 (df—cg)3 (f+gx)) +

b* (A+BLog[=eX ] )® (A Blog[=22X0])®  5p2 (hc_ad)* g Log| 20X

(c+d x)? (c+dx)? c+d x

- - +

4g<bf—ag)4 4g(-F+gx)4 3(b-F—ag)4(d-F—cg)4

B2 (bc-ad)’g? (4bdf-bcg-3adg) Log| 22*]

c+d X

+

(bf-ag)* (df-cg)’

282 (bc-ad)*g’Log[™8*] B2 (bc-ad)’g? (4bdf-bcg-3adg) Log| "&*]

c+d X c+d X

3(bf-ag)* (df-cg)* (bf-ag)* (df-cg)’

frgx

(ZB2 (bc—ad)zg (3a>d’g’-2abdg (4df-cg) +b* (6d*f°-4cdfg+c’g?)) Log| y
c+dx

1)/

((bf—ag)4 (df—cg>4) -

B(bc-ad) (2bdf-bcg-adg) (2abd*fg-a*d*g?’-b*> (2d*f*-2cdfg+c?g?))

(df-cg) (a+bx)
(bf-ag) (c+dx)

e (a+bx)2}

A+BLog
: [ (c+dx)2

] /((bf—ag)4 (df—cg)4) -

JLog[l

(ZB2 (bc-ad) (2bdf-bcg-adg) (2abd*fg-a*d*’g?>-b*> (2d*f*-2cdfg+c’g?))

(df-cg) (a+bx)
(bf-ag) (c+dx)

PolylLog [2,

] /((bf—ag)4 (df—cg)4)

Result (type 4, 142956 leaves) : Display of huge result suppressed!



162 | Mathematica 11.3 Integration Test Results for 3.2.1 (f+g x)~m (A+B log(e ((a+b x) over (c+d x))”n))~p.nb

Problem 305: Result more than twice size of optimal antiderivative.

J(A+BLog[e (a+bx)" (c+dx)’”])2dlx

Optimal (type 4, 137 leaves, 6 steps):
2B (bc-ad)nLog[ 22| (A+BlLog[e (a+bx)" (c+dx)™"])

b (c+dx) +
bd
a+bx) (A+BLog[e (a+bx)" (codx)"])? 28 (bc-ad)n®Polylog[2, [ L]
b bd

Result (type 4, 327 leaves):

bd

2aABdn+2aB?’dn?-A2bdx+aB*dn®Log[a+bx]?+

2AbBcnlog[c+dx] +2aB?>dn?Log[c+dx] +bB>cn?Log[c+dx]?+
2aB?dnlogle (a+bx)" (c+dx) "] -2AbBdxLogle (a+bx)" (c+dx) "] +
2bB?cnloglc+dx] Log[e (a+bx)" (c+dx) "] -bB*dxLog[e (a+bx)" (c+dx)’”}2—

b (c+dx)
2Bnlogla+bx] [bBcnlog[c+dx] +B(-bc+ad)nlog[——]+
bc-ad
d b
2d (a8n B Logle (a+bx]" (crdx] 7])| 28 e - ad) ntpotytog 2, T X
-bc+a

Problem 306: Result more than twice size of optimal antiderivative.

dx

J(A+BLog[e (a+bx)" (c+dx>’”])2

g+hx

Optimal (type 4, 301 leaves, 10 steps):

_Log[ﬁ} (A+BLogle (a+bx)" (c+dx)’”})2 )

h

(A+BLogle (a+bx)" (c+dx)™"] )2 Log[1 - i_g_u_)_(zg::> (::zz) ]

h
281 (A+BLogle (a+bx)" (crdx) "] Polylog[2, Hizze]
.
h
281 (A+BLog[e (a+bx)" (cdx) "]] PolyLog[2, 1Echizin ]

h

2 .2 d (a+bx) 2 22 (dg-ch) (a+bx)
2B*n PolyLog[B, b(“dx)} 2B*n PolyLog[3, (b ah) (“dx)]

h h
Result (type 4, 1082 leaves):



=l
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(A+B (-nlogla+bx] +nlog[c+dx] +Log[e (a+bx)" (c+dx>’””)2Log[g+hx1 +

2Bn (A+B (-nlog[a+bx] +nlog[c+dx] +Logle (a+bx)" (c+dx)™"]|))
b h h b

blerhx) | +Polylog|2, h(arbx) }] _

bg-ah -bg+ah

d h h d
M} 4 POlyLOg{Z, M
dg-ch -dg+ch

Log[a+bx] Log|

2ABnN |Log[c +dXx] Log[

2B>n (-nLogla+bx] +nlog[c+dx] +Logle (a+bx)" (c+dx)™"])
d h h d
(%) 1, poryiog[2, M9 )

dg-ch -dg+ch

b (g+hx)

Log[c +dx] Log|

h (a+bx>

B2 2 ] +2Llog[a+bx] PolyLog[Z,

bg-ah -bg+ah )
h (a+bx) d(g+hx)

dg-ch }+
h (c+dx>

Log[a+bx]?Log]|

2 Polylog|3, +B?n? |Log[c+dx]?Log]|

-bg+ah

h(c+dx)

2Llog[c+dx] PolyLog[Z, } —2PolyLog[3,

-dg+ch -dg+ch

b (g+hx) 1 h (c+dx)

Log[a+bx] Log[c+dx] Log| ————~] + ~ Log[ ——~
bg-ah 2 -dg+ch

| [
h (c+dx) (bg-ah) (c+dx>] [_ [b(g+hx)
-dg+ch (dg-ch) (a+bx)
1 (bg-ah) (c+dx) >
2“8l agcn) (a+bx)

-bc+ad b (g+hx) (-bc+ad) (g+hx)
(og[d(a+bx) - Log| bg-ah Log| (dg-ch) (a+bx)

2B?n?

[2 Logla+bx] + Log|

-dg+ch

Log |

bg-ah) (c+dx

( h (a+bx)
(dg-ch
(

Log[c+dx] - Log| PolyLog|2,

|+

-bg+ah

h (c+dx)
PolyLog[Z, 7] +
-dg+ch

Log[a+bx] + Log|

(bg-ah) (c+dx)
(dg-ch) (a+bx]
h (a+bx)

b (c+dx) (bg-ah) (c+dx)
d(a+bx)}7P01yLog[2’ (dg-ch) (a+bx)] .

h (c+dx)
il

Log | PolyLog|2,

Polylog|3, | - PolyLog|3,

-bg+ah -dg+ch )

b (c+dx) (bg-ah) (c+dx)
d (x| POl e o]

PolyLog|3,
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Problem 307: Result more than twice size of optimal antiderivative.

2

dx

J(A+BLog[e (a+bx)" (c+dx)™"])
(g+hx)?

Optimal (type 4, 208 leaves, 5 steps):

2

(a+bx) (A+Blogle (a+bx)" (c+dx)™"])
(bg-ah) (g+hx)

+

(dg-ch) (a+bx]
(bg-ah) (c+dx)

2B% (bc-ad) n?Polylog|2, %%]

1)/

(ZB (bc-ad)n (A+Blogle (a+bx)" (c+dx)"]) Log[1-

bg-ah) (dg-ch
((bg-ah) (dg-ch)) be_ah] (dg_cn)
Result (type 4, 3460 leaves):

1

h(-bg+ah) (-dg+ch) (g+hx)

-A’bdg?+A’bcgh+aA’dgh-aA?ch?+2AbBdg’*nlog[a+bx] -

2AbBcghnlogla+bx] +2AbBdghnxLlog[a+bx] ~2AbBch?nxlog[a+bx] -
bB2dg?n?logla+bx]2+bB? cghn?logla+bx]2-bB*dghn?xLogla+bx]%+
bB2ch?n?xLlog[a+bx]?2-2AbBdg*nlog(c+dx] +2aABdghnLlog[c+dx] -
2AbBdghnxlog[c+dx] +2aABdh’nxLog[c+dx] +2bB?>dg?®n?Log[a+bx] Log[c+dx] -
2aB’dghn?Llogla+bx] Log[c+dx] +2bB>dghn?xLog[a+bx] Log[c+dx] -
2aB’dh?n?xLlogla+bx] Log[c+dx] -bB2dg®n?Log[c+dx]?+
aB’dghn?log[c+dx]?-bB*dghn?xLlog[c+dx]?>+aB?>dh?n?xLog[c+dx]?-

h d h d
2szcghn2L0g[a+bX] Log[M]+2aBnghn2Log[a+bx1 LOg[ <C+ X) _
-dg+ch -dg+ch
h d h d
2bB?ch’n’xLogla+bx] Log[M]+2aB2dh2n2xLog[a+bx] Log[M +
-dg+ch -dg+ch
h d h d h d
szcghnzLog[M]z,aBnghnZLog[M]erszchznzxLog[ (c+dx) 2
-dg+ch -dg+ch -dg+ch
h d - bg-ah d
aBzdhznzxLog[u]z—ZszcghnzLog[M Log[< g-ah) [c-dx)
-dg+ch d(a+bx) (dg-ch) (a+bx]
- bg-ah d
2aB2dghn2Log[bc7+ad Log (bg-ah) [c-dx] -
d(a+bx) (dg-ch) (a+bx)
- bg-ah d
2szch2n2xLog[7bc+ad Log lbg-ah) (c+dx) +
d(a+bx) (dg-ch) (a+bx)
- bg-ah d
2aBZdh2n2xLog[7bc+ad Log (bg-ah) (crdx] -
d(a+bx) (dg-ch) (a+bx)

h (c+dx) Log (bg-ah) (c+dx) X

2bB?cghn? Log]|
-dg+ch (dg-ch) (a+bx)
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h(c+d be_ah .
ZaBzdghnzLog{¥ Log[( g-a )(C+ x) )
-dg+ch (dg-ch) (a+bx)
h(c+d be_ah )
2b32ch2nzxLog[M Lo (bg-ah) (c+ X)}+
-dg+ch (dg—ch) (a+bx)
h(c+d be_ah )
ZaBZdhznzxLog[M Log ( g-a )<C+ x)}Jr
-dg+ch (dg-ch) (a+bx)

(bg-ah) (c+dx)

b
bB2cghn?Log| ]Z—aBzdghnzLog[

(
(dg-ch) (a+bx) (dg-ch) (a+bx)
s s s (bg-ah) (c+dx) s s (bg-ah) (c+dx) >
bB ChnXLog{(dg—ch) (2 +bx) -aB dhnxLog[(dgicm (2 b _

2AbBdg?Logle (a+bx)" (c+dx)"| +2AbBcghlogle (a+bx)" (c+dx)™"] +
2aABdghlogle (a+bx)" (c+dx) "] -2aABch’Logle (a+bx)" (c+dx) "] +
2bB?dg?nlogla+bx] Log[e (a+bx)" (c+dx) "] -

2bB>cghnlogla+bx] Logle (a+bx)" (c+dx) "] +

2bB’dghnxLlogla+bx] Log[e (a+bx)" (c+dx) "] -
2bB2ch?’nxLlogla+bx] Logle (a+bx)" (c+dx) "] -

2bB?dg?nlog[c+dx] Log[e (a+bx)" (c+dx) "]+

2aB’dghnlog[c+dx] Logl[e (a+bx)" (c+dx)™"] -

2bB?dghnxLlogc+dx] Log[e (a+bx)" (c+dx) "] +
2aB’dh’nxLloglc+dx] Log[e (a+bx)" (c+dx) "] -bB*dg”Log[e (a+bx)" (c+dx)’"]2+
bB*cghlogle (a+bx)" (c+dx>’"}2+a82dghLog[e (a+bx)" (c+dx)’“]2—

b (g+hx)

7}_'_

bg-ah

b h
)}—ZAdeghnxLog[M} +2AbBch?nxLog|
bg-ah bg-ah bg-ah
b h b h
M] -2aB?dghn?Log[a+bx] Log[M} +
bg-ah bg-ah

b h b h
M] -2aB?dh?n?xLog[a+bx] Log{M] -
bg-ah bg-ah

h<c+dx) . b<g+hx> h<c+dx) . b(g+hx)
0og — og| ———— | —

aB>ch’Logle (a+bx)" (c+dx)’"}2—2Adeg2nLog[

b(g+hx b<g+hx)
- | +

2AbBcghnLog[
2bB?>dg?n®Log[a+bx] Log|
2bB*dghn?xLog[a+bx] Log]|

2bB?dg’n? Log]|

| +2bB2cghn?Log|

-dg+ch bg-ah -dg+ch bg-ah
h d b h
ZbBnghnzxLog[M LOg[M +
-dg+ch bg-ah
h d b h
2bBZCh2n2xLog[M} Log[M} _2bB?dg?ntogle (a+bx)" (cedx) "]
-dg+ch bg-ah
b h b h
L°€[M] +2bB’cghnLogle (a+bx)" (c+dx) "] Log[M} )
bg-ah bg-ah
b h
2bB’dghnxLlog|e (a+bx)" (c+dx)’”] Log[M .
bg-ah
b (g+hx) d (g+hx)

2bB?ch’nxLlogle (a+bx)" (c+dx) "] Log| | +2AbBdg?nLlog[—— ] -

bg-ah dg-ch
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d h d h d h
2aABdghnLog| e~ X)}+2AdeghnxLogP—§:—fl}_2aABdh2nqu[_i§i_il}_
dg-ch dg-ch dg-ch
2szdg2Nlﬂg[a+bx]Log[gigi—il]+2aBnghn2u@[a+bX1Log[gigigfl _
dg-ch dg-ch
d(g+h d(g+h
2bB?>dghn?xLogl[a+bx] Log[M] +2aB%dh?n?xLog[a+bx] Log[M] .
dg-ch dg-ch
h(c+d d(g+h hlcsd dlesh
ZszngnZLog[ <C+ X)]Log[ <g+ X)}_ZbBZCghnzLOg[M LOg[M +
-dg+ch dg-ch _dg+ch dg-ch
h d d h
2bBnghn2xLog[—iii—il Log{_igi_il _
-dg+ch dg-ch
h d d h
2bB2an2xug[4iii—ﬁflﬂg——E:—jl}+2b82dfnLogk(a+bxw(c+dxfﬂ
-dg+ch dg-ch
d h d h
Mgﬂ—@:—ll]72a¥dghnLogh(a+bXV(c+dxyﬂ[ﬂgp_gi_fl .
dg-ch dg-ch
d h
2bBnghnxL0g[e (a+bx)” (C+dx)’"] Log[M] )
dg-ch
d h
2aB2dexLogk(a+bxw(c+dxyﬂ|ng4@:4fl .
dg-ch
h b
2B2(bc;—ad)hnz(g4fhx)p01yLog[2,._Lii__fl B
-bg+ah
h d
ZBZ (bC—ad)hnz (g+hx> POlyLog[z,u _
-dg+ch
b d b d
2bB’>cghn?Polylog|2, M] +2aB*dghn?PolyLog|2, M] -
d(a+bx) d(a+bx)
b d b d
2bB?ch?n?xPolyLog|2, M] +2aB2dh?n?xPolylog|2, bfc+dx)
d (a+bx) d (a+bx)

Problem 308: Result more than twice size of optimal antiderivative.

dx

&{(A+-BLog[e(a-+bx>”(c-kdx>’ﬂ)2

(g+hxf

Optimal (type 4, 393 leaves, 10 steps):
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B(bc-ad)hn(a+bx) (A+Blogle (a+bx)" (c+dx)™"])

(bg—ah)2 (dg-ch) (g+hx)

+

b (A+Blogle (a+bx)" (c+dx)"])

2h (bg-ah)?
(A+BLogle (a+bx)" (c+dx)"‘])2 B2 (bc-ad)®hn? Log & |
N

c+d X
+

2h (g+hx)? (bg-ah)® (dg-ch)?

B(bc-ad) (2bdg-bch-adh)n (A+Blogle (a+bx)" (c+dx)™"])

(dg-ch) (a+bx)

Bl e Tan) (crdx)

] /((bg—ah)z(dg—ch)z)Jr

(bg—ah)2 (dg—ch)2

Result (type 4, 15422 leaves):
7;(A+B (-nLogla+bx] +nlog[c+dx] +Log[e (a+bx)" (c+dx)’“])>2+
2h <g+hx)2

ﬁBn (A+B (7nLog[a+bx] +nLog[c+dx] +Log[e (a+bx)” (c+dx)’”])>

b2h (a+bx) b2h? (a+bx)? 2b%h (a+bx)
- +
(—bg+ah)3 (1_h7b(ag++baxh)) <—bg+ah)4 (1_h7b(ag++baxh))2 (—bg+ah)3 (1_h7b(ag++baxh))
2 _h(a+bx)
Log[a+bx]—b oslt~ g ~Lagn dh (c+dx) -
(-bg+ah)? h (_dg+ch)3(1_%)
d2h? (c+dx)? 2d2h (c+dx) ¢ Log[1- 200 ]
. ; . Log[c+dx] - " -
(_dg+Ch)4(1_%> (_dg+Ch) (1_ —dg+ch) (7dg+Ch>
d?h d
len(7nLog[a+bx]+nLog[c+dx]+Log[e (a+bx)" (c+dx)™"]) (c+dx) -
h (*dg+Ch)3 (17 hﬁngerth )

d? h? (c+dx)2 2d?h (c+dx) d* Log[1 - hfdcgidcxh ]
. S e Log[c+dx] - N
(—dg+ch)4(17%) (-dg+ch) (1—J—Lidg+ch) (-dg+ch)
b2 h2 b x)? 2b%h b
g2 2 1{ (2+0x) St 3(a+ :2 bx) Logla+bx]?+
4 a+b x
h 2 <7bg+ah>4(17h7b(ag+baxh)) <_bg+ah) (1— 7bg+ah)
b? Log[1- " %2 b2h (a+bx) b Log[1- 2 ]
+Log[a+bx] -
(-bg+ah)? (-bgrah)® (1-letx) (-bg+ah)?
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b2 PolyLog[2, Mta:bxl |

-bg+ah
BZn? |- !
2

d? Log[1 - hfdcgidcxh ]

=

(—bg+ah)2

d2h2<c+dx)2 2d2h<c+dx)
+
(7dg+ch)4(1fhjcg%c?:‘)2 (’dg+Ch>3(17h%dcg%dcth)

Log[c+dx]?+

+Log[c+dx] ~dgreh

d2h (c+dx) d? Log[1- " ]
(—dg+ch)2 )

(—dg+ch)3 (lih(udx))

2
e (—dg+ch)

-dg+ch

d? Polylog|2, h (cxdx) ]J

(-dg+ch)?

b(g+hx) 1 h (c+dx)
Log[a+bx] Log[c +dXx] Log[ﬁ] +; ﬁ
g-4a -dg+c

b h d h
o[22 - og- S8
g-a -dg+c

1 rog 2L g LB

1 1
—B*n? =2
g’ h

h (C+dx>
~2Llogla+bx] +Log[ ——

-dg+ch

h<c+dx>

(bg-ah) (c+dx)
Log[fngrch Log|- (-dg+ch) (a+bx bg-ah + Log[- -dg+ch
1 el (bg-ah) (c+dx) ., . _bc+ad Lo b (g+hx)
ng[ (-dg+ch) (a+bx) [L [d(a+bx) o] bg-ah
(-bc+ad) (g+hx) (bg-ah) (c+dx)
(-dg+ch) (a+bx] (-dg+ch) (a+bx)
h(a+bx>]+

(bg-ah) (c+dx)
bg-ah
PolyLog|2, M} N _ (bg-ah) (c+dx)

Log|-

]

+

Log[c +dx] - Log |-

PolyLog[Z, -

Log[a + b x] +Log[—

(-dg+ch) (a+bx)
Log|

] b(c+dx)
-dg+ch (-dg+ch) (a+bx) d(a+bx)
(bg-ah) (c+dx)

(-dg+ch) (a+bx)
hf;%dcxy?} - Polylog|3, %] +PolylLog|3, -
d
h

Polylog|2,

h (a+bx)

PolyLog[Z,f B Sy
bg-ah
(bg-ah) (c+dx)

(-dg+ch) (a+bx)

(bgfah) X ( bx , ab(gthx) )
bg-ah (bg-ah)?

b (g+hx>2

}J - PolyLog|3, - | - PolylLog|3,

2
be—_ah ( 2abx _ 2a b(g+hx))
< g ) (bg-ah)? (bg-ah)?

b (g+hx)

a( bx . ab(gthx )
bg-ah (bg-ah)?

Log[a+bx] Log[c+dx] - |2 (-dg+ch) (a+bXx)
b (g+hx)
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c(bg-ah) (c+dx) . a(c+dx) (bg-ah) (Mjﬁ+%£;hﬁ})
(-dg+ch)? (a+bx) (-dg+ch) (a+bx) b (g+hx)
(-bc+ad) x c(-bc+ad) (g+hx)

+

[(dg+ch) (a+bx) |- (-dg+ch) (a+bx) (-dg+ch)? (a+bx)

/

J|/ ((bg-ah) (c+dx)) -

(bg-ah) (c+dx)
(-dg+ch) (a+bx]

((-bc+ad) (g+hx))| Log|-

(bg-ah)? (bg-ah)3 bg-ah (bg-ah)?

(bg—ah) ( 2abx +2a2b(g+hx)) (bg—ah)x( b x +ab(g+hx))
- +
b (g+hx) b (g+hx)?

(b_x+ab(g+hx)) (—dg+ch) ( 2cdx 2c2d(g+hx)>

bg-ah (bg-ah)? ~ (-dg+ch)? (-dg+ch)3
b (g+hx) d (g+hx)
d d (g+h x) d d (g+h x)
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(bg—ah)( b x +ab(g+hx))

1 bg-ah (bg-ah)?
; b<g+hx) + (—dg+ch) (a+bx>
(-bc+ad) x +c(—bc+ad) (g+hx) e s
[ (_dg+Ch> <a+bx) (fdg+ch)2(a+bx) )/(< ° d> (g " >)
oal_ (bg-ah) (c+dx) 2 Cdeac 7ch(c+dx)+ c+dx
Log| (-dg+ch) (a+bXx) 2h(c+dx)< dg+ch) [ (-dg+ch)? dg+ch]
L) L
1 . 7ch(c+dx) . c+dx
2h (c+dx) (-de~ h>[ (—dg+ch)2 -dg+ch

-2 Log[aerx]JrLog[h(dcng:jCXh> [Lo [bbf;::)}mg[dgggihcxg -
§ c(bg-ah) (c+dx) . a(c+dx) . h (c+dx)
{(_dg+Ch) . (-dg+ch)? (a+bx) (-dg+ch) (a+bx] Lg[_dg+Ch
—Log[bb(:iz:)]+L0g{—d_fjgg++hcxr3} J/((bg—ah) <c+dx>>+h(cidx)
. _ch(c+dx) . c+dx ol (bg-ah) (c+dx)
(—dg+ h) <7dg+Ch>2 ~dg+ch Lg[ <7dg+ch> (a+bX)

Log[bb(z+::)]+Log[%] [(dg+ch> (a+bx)
c(bg-ah) (c+dx) a(c+dx) (bg-ah) (c+dx)

Log|-

(—dg+ch)2 (a+bx) ' (-dg+ch) (a+bx)
_bc+ad b (g+hx) (-bc+ad) (g+hx)
log{d(a+bx)}+LDg[ bg-ah ]_Logy_(fdg+ch>(a+bg

(-dg+ch) (a+bx)

)/

ah(a+bx) a+bx
(bg—ah)2 _bg—ah
h (a+bx)
bg-ah }_

((bg-ah) (c+dx)) +

(bg-ah) «

h (a+bx)
(bg-ah) (c+dx)
(-dg+ch) (a+bx)

Log[c +dx] - Log|- || Log[1+

1
h(c+dx)

ch(c+dx) c+dx
.

(-dg-+ch) {

(fngrch)2 -dg+ch
(bg-ah) (c+dx)
(-dg+ch) (a+bx)
c(bg-ah) (c+dx) . a(c+dx)

(-dg+ch)? (a+bx) (-dg+ch) (a+bXx)

h d
Log[1- (c+dx) ]
-dg+ch

Log[a + b x] +Log[—

“—dg+ch)(a+bx)(
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(bg-ah) (c+dx) | Log[1+ (bg-ah) (c+dx)
(-dg+ch) (a+bx) (-dg+ch) (a+bx)

1)/

(bg— a h> (_ a(Eg:t;?Z N ba;)axh) PolyLog{Z, - hb:t:: }

Log |-

((bg-ah) (c+dx)) +

h (a+bx)
“de+c a+bx c(bg-ah) (c+dx) X a(c+dx)
[( dgrch) {axb )((dg+ch)2(a+bx) (-dg+ch) (a+bXx)
PolyLog[Z,hb(Zi::)] /((bgfah) (c+dx)) -

_ _ ch (c+dx) c+d x h (c+d x)
( dg+Ch) ( (-dg+ch)? * —dg+ch> P01yLOg[2’ —dg+ch}

h (c+dx)
c(bg—ah) <c+dX> a<C+dX>
{(dgwh) (a+bx] (<_dg+ch>2<a+bx) " (-dgrch) (axbx]

h (c+dx)

PolyLog [2,

O]/ a0
desc e bx c(bg-ah) (c+dx) . a(c+dx)
{( a8 h)< ° )(<—dg+ch)2<a+bx) (fdg+ch) (a+bx)
b(c+dx>

(bg-ah) (c+dx)
d(a+bx>]_P01yLog[2,_ (-dg+ch) <a+bx>] J/((bg—ah) (c+dx)) -

. 4 bx c(bg-ah) (c+dx) . a(c+dx)
{(_dg+ ") (axe )((dg+ch>2<a+bx) (-dg+ch) (a+bx]

Polylog|2,

(bg-ah) (c+dx)

Polylog|2, -
olyLog| (-dg+ch) (a+bx)

I/ ((og-ah) (c+dx))

blgehx | 3 b (e

bg-ah 2 -dg+ch

h (c+dx b (g+hx d(g+hx

[c+dx] {LogH )| Lo (50X
bg-ah -dg+ch

1
= (Log[a+bx] Log[c +d x] Log[
h

-2Llogla+bx] +Log|

-dg+ch
h (c+dx) (bg-ah) (c+dx)
_dg+ch}Log[_ (-dg+ch) (a+bx)
PIEX) ) g HEZNX]
g-a dg+ch
_bc+ad b(g+hx) (—bc+ad) (g+hx)
d<a+bx)}+Log[ bg-ah J - tog|- (-dg+ch) (a+bx)
(bg-ah) (c+dx) h (a+bx)
(-dg+ch) (a+bx)] PolyLog(2, - bg-ah :
(bg-ah) (c+dx) h (c+dx)
(-dg+ch) (a+bx)

Log|

1 (bg—ah) (c+dx) )
+£Log[f (-dg+ch) (a+bx)

—Log[

Log |

Log[c+dx] - Log|-

+

Logla+bx] +Log|-

]

PolyLog|2,

-dg+ch
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(bg-ah) (c+dx)

Log| -
el (-dg+ch) (a+bx)
b d bg-ah d
Polylog|2, (c+ X>]—PolyLog[2, - (bg-ah) (c+dx] _
d(a+bx) (-dg+ch) (a+bx)
h b h d
PolyLog[B, M} PolyLog[B, M -
bg-ah -dg+ch
b d bg-ah d
Polylog|3, M]+PolyLog[3, - (bg-ah) (c-dx)
d(a+bx) (-dg+ch) (a+bx)

Problem 309: Result more than twice size of optimal antiderivative.

j(nghx)z (A+BLogle (a+bx)" (C+dX)7n])3dlx

Optimal (type 4, 875Ileaves, 19 steps):
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B3 (bc—ad)3h2n3Log[c+dx}

- +

b3 d3
B2 (bc-ad)?h?n? (a+bx) (A+Blogle (a+bx)" (c+dx)™"]) 1
b® d2 b3
2B% (bc-ad)?h (3bdg-2bch-adh) nzLog[Q} (A+BLogle (a+bx)" (c+dx)™"]) -
b (c+dx)
b3dzB(bc—ad)h(3bdg—2bch—adh)n(a+bx) (A+BLog[e(a+bx)"(c+dx)’”])2—
B(bc—ad) hzn(c+dx)2(A+BLog[e (a+bx>"<c+dx>’”])2 1
N
2bd3 b3 d?
B(bc-ad) (a®d*h*-abdh (3dg-ch) +b>(3d°g*>-3cdgh+c®h?))
nLog[M] (A+BLogle (a+bx)" (c+dx)’””2—
b (c+dx)
(bg—ah)3<A+BLog[e(a+bx)”<c+dx)’””3 (g+hx)3(A+BLog[e (a+bx)”(c+dx)’"})3
. _
3b%h 3h
1 b (c+dx)
B2 (bc-ad)>h?n? (A+Blogle (a+bx)" (c+dx)™"]) Log[1- ——~] -
e (be - (1 ptagle (3 b (e ax) ] roga 5 T
28% (bc-ad)’h (3bdg-2bch-adh)n’Polylog[2, -] 4
b3 d? +b3d3
2B? (bc-ad) (a®d’h’-abdh (3dg-ch) +b* (3d*g>-3cdgh+c?h?))
d b
n’ (A+Blogle (a+bx)" (c+dx) "]) PolyLog|2, M
b(c+dx>
B2 (bc-ad)®h2n?Polylog[2, 2dx)]
( ) dabx - 1 28% (bc-ad)
b3 d? b3 d?
d(a+bx)
(a®d?*h?-abdh (3dg-ch) +b? (3d°g>-3cdgh+c?h?)) n’Polylog[3, —
b<c+dx)

Result (type 4, 7328 leaves):
6aAB?2g’n> 6AB?cg?n? 12aAB2cghn? 2aAB?c?h?n?2 2a?AB?ch?n?
- - +

- - +

b d bd b d? b2 d
6aB3g?n® 6a2B3ghn® 6B3c?ghn® 6aB3cghn® 2a3B*h?n® 2B3c3h?n?
- - + + + -
b b2 d? bd b3 d?
aB*c?h?n® a?B3ch?n® ., | 3aA’Bghnx 3A?Bcghnx a2A’Bh?nx
- + A g X+ - - +
b d? b2 d b d b?
A’Bc?h’nx a?AB?h?n?x AB?c*h?n’x 2aAB’ch’n?x , aA’Bh’nx?
+ + - +Aghx?y — -
d? b? d? bd 2b
A2Bch?nx> 1 . . . 3aA’Bg’nlogla+bx] 3a’A?Bghnlog[a+bx]
— + — A’ h° X’ + - +
2d 3 b b?
a®A’Bh?nlog[a+bx] 6a*AB2ghn?log[a+bx] 6aAB2cghn?log[a+bx]
. _ _
b3 b2 bd
3a3AB%2h?n?log[a+bx] 2aAB2c?h?n?logla+bx] a?AB?2ch?n?Log[a+bx]
+ + +

b3 b d? b2 d
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6aB3g’n®logla+bx] 6B*cg?n®logla+bx] 12aB3>cghn3Llogla+bx]
b : d ) bd
a®B3h?n3logla+bx] 3aB3c?h?n®lLogla+bx] 3aAB2g?n?log[a+bx]?
b3 ' b d? ) b
3a2AB2ghn2Log[a+bx]27a3ABZh2n2Log[a+bx]273aZB3ghn3Log[a+bx]2+
b2 b3 b2
3aB>cghn®logla+bx]? 3a3B*h?n®lLogla+bx]?2 aB3c?h?n®Logla+bx]?
bd ' 2 b3 ) b d? )
a’B3ch?n®logla+bx]? aB3g?n3®logla+bx]® a?B3>ghn®Logla+bx]3
2b2d : b ) b2 ’
a>B*h?n3logla+bx]® 3A2Bcg?nlog[c+dx] 3A’2Bc’ghnlog[c+dx]
33 i d ' e
A2Bc3h?nlog[c+dx] 6AB2c?ghn?log[c+dx] 6aAB2cghn?Lloglc+dx]
& ! 42 ) bd
3AB2c3h?n?Llog[c+dx] aAB?2c?h?n?log[c+dx] 2a?AB?ch?n?Llog[c+dx]
o ’ b d2 : b d )
6aB3g’n®log[c+dx] 6B>cg?nd®log[c+dx] 12aB3cghn3Llog[c+dx]
b ) d : bd
B3c3h?n3Llog[c+dx] 3a’B3ch?n®Llog[c+dx] 6aAB2g’n?Llog[a+bx] Log[c+dx]
o3 i b2 d ' b
6AB2cg?n?logla+bx] Log[c+dx] 6a?AB?2ghn?log[a+bx] Log[c+dx]
d B b2
6AB2c2ghn?log[a+bx] Log[c+dXx] +2a3ABZh2n2Log[a+bx} Log[c +dx] .
d? b3
2AB2c3h?n?logla+bx] Log[c+dx] 6B3c?ghn3log[a+bx] Log[c+dx]
d? d?
6aB3>cghn3log[la+bx] Log[c+dx] 3B>c>h?n?Llog[a+bx] Log[c+dx]
bd : o .
aB3c?h?n3logla+bx] Log[c+dx] 2a?’B3ch?n3logl[a+bx] Log[c+dXx]
b d2 ) b2 d )
6aB3g®n®logla+bx]?Log[c+dx] 3B3>cg?n3logla+bx]?Log[c+dx]
b ) d
6a’B>ghn?Log[a+bx]?Log[c+dx] . 3B3c?ghn3Log[a+bx]?Log[c+dx]
b? d?
2a3B3>h?n®Llogla+bx]%Log[c+dx] B3c®h?n3Log[a+bx]?Log[c+dx]
b3 d?

6aAB2g2n? Log[dﬁi*—t;’;)—] Log[c+dx] 6a2AB2ghn? Log[d:()ac*—':;)—} Log[c +dX]
N _

b b2

2a3AB?h?n? Log[d—éac*—l;"d)—} Log[c+dx] 6aB3*g?n3Llogla+bx] Log[d—t()"’c*—zxd)—} Log[c +dx]
. _

b3 b

6a2B3ghn3Logla+bx] Log[dia:—ba)}] Log[c +dx]

+

+

+

+

+

+

b2
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2a3B3h?nLog[a+bx] Log[ﬂM] Log[c +dx] 3ABZcg2n?Llog[c+dx]2

-bc+ad
.
b3 d
3AB2c?2ghn?log[c+dx]?2 AB?2c*h?n?Log[c+dx]? 3B3c?2ghn3log[c+dx]?
o2 ) o3 i o2 )
3aB>cghn®log[c+dx]? 3B3c®h?n®log[c+dx]?2 aB3c?h?n®Loglc+dx]?
- + +
bd 2d3 2bd?
a?B3ch?n3log[c+dx]2 3aB3g?n3logla+bx] Log[c+dx]?
+ +
b2 d b
6B3cg®n®Llogla+bx] Log[c+dx]2_3azB3ghn3Log[a+bx] Log[c+dx]2_
d b?
6B3c2ghn®Log[a+bx] Log[c+dx]? a*B*h?n3Log[a+bx] Log[c+dx]?
d? ' b3 :
d (a+b
2B3c3hZn3Log[a+bx] Log[c+dx]? 3aB’g?n’ Log| ,bamaxd | Loglc +dx]?
d? b
383cg2n3Log[d%bT+—:Xd)—] Log[c +dx]2 3azB3ghn3Log[%} Log[c +dx]2
+ +
d bZ
d (a+bx) d (atbx)
3B3c2ghn’ Log]| 7bac+axd | Log[c+dx]? i a®B>h?n’ Log| 7bac+axd | Loglc+dx]2 i
d? b3
d (a+b
B3c3h2n3Log[7bac+aXd]Log[c+dx]2 B3cg?ndlog[c+dx]®> B3c?ghn3log[c+dx]3
_ + _
d? d d?
B3 c3h2n3 Log[c +dx]3 6AB%cg?n?Llog[a+bx] Log[%ﬁ)—]
3d3 d
6AB2c2ghn?Log[a+bx] Log|[®l<*.] 2AB2c3h?n? Log[a+bx] Log| 2 <9 ]
bc-ad B bc-ad
d? d?
2 p3 3 b (c+d x 3 .2 3 b (c+d x
6a2B3ghn3Log[a+bx] Log[—(—)—bGad ] +6B c2ghn3Log[a+bx] Log[J—)—b&ad ]
b2 d?
12aB3cghn3Llogla+bx] Log[uﬁ—dm] 3a3B*h?n3Logla+bx] Log[w]
bc-ad _ bc-ad _
bd b3
3 3 Rh2 n3 b (c+dx 3 22 W3 b (c+dx
3B3c3h2n3Log[a+bx] Log[J—)—bDad ] +3aB c2hZn3 Log[a+bx] Log[—‘—)—b&ad ] )
d? b d?
2 np3 2 .3 b (c+dx) 3 452 n3 2 b (c+dx)
3a2B%ch?n®Log[a+bx] Log]| — | 3aB*g?n’Llogla+bx]2Log| o ]
b2 d b
3 2 A3 2 b (c+dx 2 p3 3 2 b (c+dx
3B3cg?ndlogla+bx] Log[—‘—)—bcﬂ_ﬂjl ] _3a B3ghn3Log[a~+bx] Log{—‘—)—b&ad ] )
d b2
3.2 3 2 b (c+dx) 3R3 K23 2 b (c+dx)
3B3c2ghn’Logla+bx]?Log| e ] +a B>h?n’Log[a+bx]?Log]| —— ]
d? b3
B3c3h2n3Log[a+bx12Log[b4b%L] 6B3cg?n3Llogla+bx] Log[c+dx] Log[%]
c-a c-a

d3 d
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68> c?ghn®Log[a+bx] Log[c + dx] Log| 2ic-dx) ]

42 )

2B>c*h?n’Log[a+bx] Log[c +dxX] Log[b—b‘%ﬂ 6aB*g2n?Logle (a+bx)" (c+dx) "]

d? b
6B>cg?n’logle (a+bx)" (c+dx) "] 12aB>cghn’Llogle (a+bx)" (c+dx)™"]
. _
d bd
2aB3c?h?n?Logle (a+bx)" (c+dx) "] 2a2B*ch?n?logle (a+bx)" (c+dx)™"]
- +
bd2 bzd
6aAB2ghnxlL bx)" dx)™"
3A’Bg’xLlogle (a+bx)" (c+dx) "]+ 2 gnnx og[et()a+ x)" (c+dx) ]_
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- +
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2AB2c?h?nxlogle (a+bx)" (c+dx)™"| a?B*h2n’xLlogle (a+bx)" (c+dx)™"]
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d? bd
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N
b d?
a?B>ch?n?log[a+bx] Logle (a+bx)" (c+dx) "]
b2 d
3aB>g2n?logla+bx]2Log|e (a+bx)" (c+dx)’"}
.
b

3a?B*ghn?Llogla+bx]?Logle (a+bx)" (c+dx) "]
b2
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a®B*h2n?Logla+bx]%Logle (a+bx)" (c+dx)™"]
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6AB2cg?nlog[c+dx] Log[e (a+bx)" (c+dx)™"|
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d
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o2 i
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d3 :
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N
b d?2
2a*B*ch?n?Log[c+dx] Logle (a+bx)" (c+dx)™"]
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b2 d
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N
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6B cg?n’Llogla+bx] Log[c+dx] Log[e (a+bx)" (c+dx)™"] )
d
6a2B>ghn?Llog[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx)™"]
b2 )
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d? :
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b3 :
283 c*h?n? Log[a+bx] Log[c+dx] Log|e (a+bx)" (c+dx)’”]
o3 )
6 a B3 g2 n2 Log[djt—:’}] Log[c+dx] Logle (a+bx)" (c+dx)™"] )
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6aZB3ghn2Log[djac*+—:’;L] Log[c+dx] Log[e (a+bx)" (c+dx)™"]
b2 )
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N
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b3 i
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d
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chintoglcrdx ogg[e (3+bx)" (crdx)™] +B3g2xLog[e(a+bx)”(c+dx)’"]3+
d

B3ghx2Log[e (a+bx)" <C+dx>7n}3+lB3h2x3Log[e (a+bx)“ (c+dx)’“}3_
3

——B?n? (6Ab>cd?g?-6Ab3c?dgh+2Ab>c3h?-6b>Bc®’dghn+12ab?Bcd?’ghn-
b3 d3
6abBd®ghn+3b>Bc3h?n-3ab?Bc®>dh?’n-3a’bBcd’h’n+3a*>Bd>*h’n-2aBd’
(3b°g?>-3abgh+a’h?)nLlogla+bx] +2b>Bc (3d*g?>-3cdgh+c*h*) nlog[c+dx] +
6b>Bcd’g’Llogle (a+bx)" (c+dx) "] -6b’Bc?dghlogle (a+bx)" (c+dx) "]+
d<a+bx) 1
-bc+ad b3 d?
(-aBd®> (3b*g?’-3abgh+a’h’*) nLogla+bx] +b*Bc (3d°g>-3cdgh+c*h*) nLog[c+dx] +
b (c+dx)]
bc-ad

2B?n?

2b*Bch’Logle (a+bx)" (c+dx) "]) PolyLog|2,

ad® (3b’g’-3abgh+a*h?) (A+Blogle (a+bx)" (c+dx)™"])) PolyLog|2,
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6 aB®g?n’Polylog|3, d(@+bx) | 68B%cg?n’Polylog|3, d(abx) ]
+

-bc+ad -bc+ad
b d
2 p3 3 d (a+bx 3 .2 3 d (a+bx
6 a2 B> ghn®Polylog|3, J—L_bmad] ) 6B c2ghn®Polylog|3, —(—)—_bﬁad} )
b2 d?
2a%*B*h2n?Polylog(3, ¢2X.]  2B3c3h2n?Polylog|3, 420X ]
-bc+ad + -bc+ad
b3 d?
3 42 B3 b (c+dx 3 2 .3 b (c+d x
6 aB®g?n’ Polylog|3, —(—)—bﬁad ] ) 6 B> c g2 n* PolyLog|3, J—Lb&ad ]
b d
2 p3 3 b (c+dx 3 .2 3 b (c+d x
6 a2 B3 ghn®Polylog|3, J—Lbuad ] ) 6B c2ghn®Polylog|3, —‘—)—b&ad ] )
b? d?
3Rp3 k2 N3 b (c+dx) 3 3Rh2 n3 b (c+dx)
2a°B’h%n PolyLog[B, bead ] +2B c’h*n PolyLog[3, bead ]
b3 d?

Problem 310: Result more than twice size of optimal antiderivative.

J(g+hx) (A+BLOg[e (a+bx)” (C+dx)’"])3dlx

Optimal (type 4, 466 leaves, 13 steps):

1 bc-ad
- 382 (bc-ad)?hn?L A+BL bx)" dx)"|) -
oy (bc-ad)®hn 0g{b<c+dx)}< +Blogle (a+bx)" (c+dx)™"])
3B (bc-ad)hn (a+bx) (A+BLog{e (a+bx)"(c+dx)’”])2 1
N
2b2d 2b%d?
bc-ad n niy2
3B (bc-ad) (2bdg-bch-adh)nLog|—————] (A+Blogle (a+bx)" (c+dx) "])*-
b<c+dx)
(bg-ah)® (A+BLog[e (a+bx)" (c+dx)"])?
N
2b%h
(g+hx)2(A+BLog[e(a+bx)“(c+dx)’”})3 3B3<bcfad)2hn3PolyLog[2,‘;(iiz;} 1
2h b*d? o
) d(a+bx)
3B (bc-ad) (2bdg-bch-adh)n? (A+Blogle (a+bx)" (c+dx) "]) PolyLog|2, m},
c+dx

36 (be-ad) (2bdg-bch-adh) v rolylog[3, L2

b2 d?

Result (type 4, 3919 leaves):

S -12Ab2B?cdgn?-12aAbB?d?’gn?+12aAbB cdhn?+12abB3d?>gn®-
6b2B3>c’hn®+6abB3cdhn®*-6a2B3d*hn®>+2A3b2d>gx-3A%b?>Bcdhnx~+
3aA?bBd’hnx+A*b?d’hx>*+6aA’bBd?’gnlogla+bx]-3a2A2Bd*hnlog[a+bx] -
6aAbB2cdhn?logla+bx] +6a*AB%d>hn?Llogla+bx]+12b%2B3cdgn3Llogla+bx] +
12abB3d’gn®Llog[a+bx] -12abB3cdhn®Log[a+bx] -6aAbB2d?gn?Log[a+bx]?+
3a2AB?d’hn?log[a+bx]?+3abB3cdhn®Log[a+bx]?2-3a?B3>d’hn®Log[a+bx]?+
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2abB¥d?gn®Logla+bx]3-a?B>d*hn®Log[a+bx]>-6A2b2Bcdgnlog[c+dx] +
3A2b2Bc?’hnlog[c+dx] +6Ab2B>c?hn?Log[c+dx] -6aAbB?>cdhn?Log[c+dx] -
12b2B3cdgn®log[c+dx] -12abB3d?gn’®Llog[c+dx] +12abB>cdhn3Log[c+dx] +
12Ab%B?cdgn?logla+bx] Log[c+dx] +12aAbB2d?>gn?Log[a+bx] Log[c+dx] -
6Ab2B2c?hn?Llogla+bx] Log[c+dx] -6a?AB>d’hn?Log[a+bx] Log[c+dx] -
6b2B3>c2hn’Log[a+bx] Log[c+dx] +6abB3>cdhn?Log[a+bx] Log[c+dx] -
6b>B3cdgn®Llogla+bx]?Log[c+dx] -12abB>*d?’gn’Log[a+bx]2Log[c+dx] +
3b2B>c?hn®Log[a+bx]2Log[c+dx] +6a2B>d?’hn?Log[a+bx]?Log[c+dx] -

d b d b
12aAszd2gn2Log[M] Log[c +dx] + 6 a2AB?d? hn? Log[M} Log[c+dx] +
-bc+ad -bc+ad
d b
12abB3d?>gn3Log[a+bx] Log[u} Log[c +dx] -
-bc+ad
d(a+bx)

6a?B>d*hn’ Log[a+bx] Log]| | Log[c+dx] -6Ab?B2cdgn?Log[c+dx]>

-bc+ad
3Ab2B%2c?hn?Log[c+dx]2+3b2B3c?hn?Log[c+dx]?-
3abB>cdhn?®log[c+dx]?+12b?B3cdgn’Llog[a+bx] Log[c+dx]?
6abB3>d>gn’Log[a+bx] Log[c+dx]2-6b%B>*c?hn?Log[a+bx] Log[c+dx]?-

d<a+bx>
3a2B°d?hn®Logla+bx] Log[c+dx]?-6b?B>cdgn’®Log[———"] Log[c+dx]?
-bc+ad
d(a+bx d(a+bx
6abB3d2gn3Log[g} Log[c+dx]2+3sz3c2hn3Log[g] Log[c+dx]?+
~-bc+ad -bc+ad
d(a+bx
3azB3d2hn3Log{¥} Log[c+dx]2-2b*B3>cdgn?Log[c+dx]3
-bc+ad
b (c+dx
b2B>c?hn’Log[c+dx]3-12Ab%>B2cdgn?Log[a+bx] Log[g]+
bc-ad
b (c+dx b (c+dx
6Ab2B2c?hn?Log[a+bx] Log[g}+6bZB3c2hn3Log[a+bx1 Log[g}—
bc-ad bc-ad
b (c+dx b (c+dx
12abB3>cdhn®Log[a+bx] Log[g}+6a2B3d2hn3Log[a+bx} Log[Q}Jr
bc-ad bc-ad
b (c+dx) b (c+dx)
6b’B’>cdgn®logla+bx]?Log]———]| +6abB>d?gn®Log[a+bx]?Log[——"
bc-ad bc-ad
b (c+dx) b (c+dx)

3b2B>c?hn®Log[a+bx]?Log| -3a’B°d?’hn’Logla+bx]?Log|

bc-ad bc-ad
b(c+dx)
bc-ad

],

12b?B*cdgn’Log[a+bx] Log[c+dx] Log| | +6b2B>c?hn’ Log[a +bx]

b (c+dx)
bc-ad
12abB*d’gn’logle (a+bx)" (c+dx) "] +12abB*cdhn®Log[e (a+bx)" (c+dx) ™| +
6A’b>Bd’gxLog[e (a+bx)" (c+dx) "] -6Ab?B>cdhnxLogle (a+bx)" (c+dx) "]+
6aAbB>d’hnxlogle (a+bx)" (c+dx) "] +3A’b?Bd’hx?Log[e (a+bx)" (c+dx) "]+
12aAbB*d’gnlogla~+bx] Log[e (a+bx)" (c+dx)™"] -

6a’AB>d’hnlog[a+bx] Log[e (a+bx)" (c+dx) "] -6abB*cdhn?Log[a+bx]

Loge (a+bx)" (c+dx) "] +6a?B>d’hn? Log[a+bx] Log[e (a+bx)" (c+dx) "] -
6abB’d?gn’Log[a+bx]?Log[e (a+bx)" (c+dx) ™| +3a*B>d?>hn?Log[a+bx]>
Logle (a+bx)" ( ) "] -12Ab?B?cdgnlogc+dx] Logle (a+bx)" (c+dx) "] +

Log[c +dx] Log| | -12b?B3cdgn®Logle (a+bx)" (c+dx) "] -
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6AbZBZ‘c2hnLlogtc+dxl] Logle (a+bx)" (c+dx)™"] + 60283 c2hn? Logl[c;dx] /
Loge (a+bx)" (c+dx) "] -6abB*cdhn’Log[c+dx] Logle (a+bx)" (c+dx) "]+
12b?B>cdgn’Logla+bx] Log[c+dx] Log[e (a+bx)" (c+dx) "]+
12abB*d’gn?Logla+bx] Log[c+dx] Logle (a+bx)" (c+dx) "] -

6b>B>c®hn? Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx)™"] -
6a’B>d’hn?Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx)™"] -

d(a+bx)
-bc+ad
d (a+bx)

12abB?d?gn? Log]| | Log[c+dx] Log[e (a+bx)" (c+dx) "] +

6a’B’d’hn” Log| | Log[c+dx] Logle (a+bx)" (c+dx)™"] -
-bc+ad

6b2B>cdgn?Log[c+dx]?Log[e (a+bx)" (c+dx) "] +
3b>B’c*hn’Log[c+dx]?Log[e (a+bx)" (c+dx)™"] -

b (C+dx)
bc-ad
b <c+dx>
bc-ad
6Ab?B2d’>gx Log[e (a+bx)" (c+dx)’”]2—3sz3cdhnXLog[e (a+bx)" (c+dx)’”}2+
3abB’d’hnxLlogle (a+bx)" (c+dx)’”]2+3Ab282d2hx2Log[e (a+bx)" (c+dx)’"]2+
6abB’d’gnlogla+bx] Log[e (a+bx)" <c+dx)’"}2—

3a’B*d?’hnlLogl[a+bx] Log[e (a+bx)n (c+dx)’”}2—

6b?B>cdgnlog[c+dx] Log[e (a+bx)" <c+dx)’“}2+

3b>B’c?hnloglc+dx] Log[e (a+bx)" (c+dx)’”}2+
2b?B*d?gxLogle (a+bx)" (c+dx)’”]3+bZB3d2hx2Log[e (a+bx)" (c+dx)’”}3+6an2
(-2Ab*cdg+Ab*c*h+b’Bc*hn-2abBcdhn+a’Bd*hn+aBd® (2bg-ah) nlogla+bx] +
b’Bc (-2dg+ch) nlog[c+dx] -2b?Bcdglogle (a+bx)" (c+dx) "]+
d b
b>Bc’hLogle (a+bx)" (c+dx)™"]) Polylog[2, M +
-bc+ad
6B°n’ (aBd® (2bg-ah) nlogla+bx] +b*Bc (-2dg+ch)nLog[c+dx] +
b d
ad? (-2bg+ah) (A+Blogl[e (a+bx)" (c+dx)"])) PolyLog|2, b<c+;()} +
c-a

d b d b
%] -12abB*d? gn®Polylog|3, % -
- + - +

d b d b
7<a+ X) | +6a%B*d?hn®PolyLog|3, 7(a+ X) ]+
-bc+ad -bc+ad

b d b d
M] -12abB*d? gn®Polylog|3, u -
bc-ad bc-ad

b d b d
b<c+ X> } +6a2B3>d*hn? PolyLog[3, 7(C+ X) }
c-ad bc-ad

12b?B*cdgn? Log[a +bx] Log| | Log[e (a+bx)" (c+dx) "] +

6b2B>c?hn? Log[a+bx] Log]| | Log[e (a+bx)" (c+dx) "]+

12b?B*cdgn’®Polylog|3,
6 b2 B> c2 hn® PolyLog|3,
12b?B*cdgn’®Polylog|3,

6 b2 B> c2 hn® PolyLog|3,

Problem 311: Result more than twice size of optimal antiderivative.

J(A+BLog[e (a+bx)" (c+dx)'”])3dlx
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Optimal (type 4, 203 leaves, 6 steps):

3B (bc-ad) nlog| 229 ] (A+BLogle (a+bx)" (c+dx)"]|)?

b (crdx) .
bd
(a+bx) (A+BLogle (a+bx)" (c+dx)™"])® 1
b "bd
6B> (bc-ad)n® (A+Blogle (a+bx)" (c+dx)"]) PolyLog|2, M} -
b (c+dx)

68> (bc-ad) n®Polylog|3, %ﬂ

bd

Result (type 4, 1465 leaves):
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— |6AbB*cn?’+6aAB*dn’-6aB>dn*-A*bdx-3aA’Bdnlog[a+bx] -6bB3>cn®Log[a+bx] -

6aB>dn®>Log[a+bx] +3aAB*dn?Llog[a+bx]?2-aB3>dn®Log[a+bx]3+
3A2bBcnlog[c+dx] +6bB>cn®Log[c+dx] +6aB3>dn’®Log[c+dx] -
6AbB2cn’?log[a+bx] Log[c+dx] -6aAB>dn?Log[a+bx] Log[c+dx] +
3bB>cn®Llogla+bx]?Log[c+dx] +6aB>dn’Log[a+bx]?Log[c+dx] +

d(a+bx) d(a+bx)
6aAB’dn?Log|———] Log[c+dx] -6aB>dn®Log[a+bx] Log[———] Log[c+dx] +
-bc+ad -bc+ad
3AbB%?cn?log(c+dx]?-6bB3>cn®Log[a+bx] Log[c+dx}2—
<a+bx)
3aB>dn®Log[a+bx] Log[c+dx]?+3bB%cn’Log| | Loglc+dx]?+
-bc+ad
d(a+bx
3aB3dn3Log[¥]Log[c+dx]2+bB3cn3Log[c+dx}3+
-bc+ad
b (c+dx b (c+dx
6AbB2cn?Llog[a+bx] Log[g]—3bB3cn3Log[a+bx}ZLog[¥]f
bc-ad bc-ad
b (c+dx b (c+dx
3aB3dn3Log[a+bx]2Log[¥]+6bB3cn3Log[a+bx] Log[c +dX] Log[g +
bc-ad bc-ad

6bB’cn?logle (a+bx)" (c+dx) "] +6aB>dn’Logle (a+bx)" (c+dx) "] -
3AbBdxLlogle (a+bx)" (c+dx) "] -6aAB*dnlogla+bx] Log[e (a+bx)" (c+dx)™"]|+
3aB’dn’Log[a+bx]?Log[e (a+bx)" (c+dx) ™|+

6AbBZcnLoglc+dx] Log[e(a+bx)”<c+dx) "] -
6bB’cn’logla+bx] Log[c+dx] Logle (a+bx)" (c+dx)™"] -
6aB’dn’Log[a+bx] Log[c+dx] Log[e (a+bx)" (c+dx)™"] +

d b
6aB3dn2Log[M] Log[c+dx] Log[e (a+bx)" (c+dx) "] +
-bc+ad
3bB%cn’log[c+dx]?Log[e (a+bx)" (c+dx) ™|+
b (C+dx>

6bB>cn?Logla+bx] Log| | Log[e (a+bx)" (c+dx)™"]| -

bc-ad
3AbB’dxLogle (a+bx)" (c+dx)’"]2—3aB3dnLog[a+bx} Log[e (a+bx)" (c+dx>’”]2+
3bB%cnlog[c+dx] Log[e (a+bx)" (c+dx)’”}27bB3deog[e (a+bx)" (c+dx)’“]3+
6B2n” (-aBdnlog[a+bx] +bc (A+Bnlog[c+dx] +Blogle (a+bx)" (c+dx)™"]))
d(a+bx)

PolyLog[Z,
-bc+ad

| +6B%n? (-aBdnlogla+bx] +bBcnlog[c+dx] +
b (c+dx)]
bc-ad

d b d b
7(a+ x) | +6aB*dn’Polylog|3, 7(a+ X) -
-bc+ad -bc+ad

b d b d
M] +6aB*dn®PolyLog|3, M
bc-ad bc-ad

ad (A+Blogle (a+bx)" (c+dx)"])) PolyLog|2,
6 bB*cn®PolyLog|3,

6 b B* cn® PolyLog|3,

Problem 312: Unable to integrate problem.

J

(A+BLog[e (a+bx)" (c+dx>’"})3

dx
g+hx
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Optimal (type 4, 425leaves, 12 steps):
) Log[ibbéj:)} (A+BLogle (a+bx)" <c+dx)’””3 )
h
(A+BLogle (a+bx)" (c+dx)’”])3Log[1f

(dg-ch) (a+bx) ]

(bg-ah) (c+dx)

h
3Bn (A+Bloge (a+bx)" (c+dx)'””2PolyLog[2,

d (a+bx) ]

b (c+dx)
h

3Bn (A+Blogle (a+bx)" (c+dx)’"”2PolyLog[2,

+

(bg-ah) (c+dx)
h

6B2n? (A+Blog[e (a+bx)" (c+dx)"|) PolyLog|3,

+

d (a+bx) ]

b (c+dx)
h

6B2n? (A+Blog[e (a+bx)" (c+dx)"]) PolyLog|3,

(dg-ch) (a+bx) ]

(bg-ah) (c+dx)
h
3 .3 d (a+bx 3 ..3 dg-ch) (a+bx
6B3n PolyLog[4, J—Lb(udx)} 6B3n PolyLog[4, j_g—u—L(bg—ah) (de)]
+
h

h
Result (type 8, 35leaves):

J(A+BLog[e (a+bx)" (c+dx)’”])3

dx
g+hx

Problem 313: Unable to integrate problem.
J(A+BLog[e (a+bx)" (c+dx)™"])?

dx
(g+hx)2

Optimal (type 4, 302 leaves, 6 steps):
(a+bx) (A+Blogle (a+bx)" (c+dx)’“})3
(bg-ah) (g+hx) '

(BB (bc-ad)n (A+Blogle (a+bx)" (c+dx)’“])2Log[1—

(dg-ch) (a+bx)
((bg-ah) (dg-ch)) +

(bg-ah) (c+dx)

1)/

(dg-ch) (a+bx)] /

(bg-ah) (c+dx)

(dg-ch) (a+bx)

68> (bc-ad) n®Polylog|3, ]
((bg—ah) (dg—ch))— ( > (bg-ah) (c+dx)

(bg-ah) (dg-ch)

6B> (bc-ad) n® (A+Blog[e (a+bx)" (c+dx)™"]) PolyLog|2,

Result (type 8, 35leaves):
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dx

J(A+BLog[e (a+bx)" (c+dx)™"])?

(g+hx)?

Problem 314: Unable to integrate problem.

J(A+BLOg[e (a+bx>” (C+dx>’”])3 N

(g+hX)3

Optimal (type 4, 629 leaves, 13 steps):

3B (bc-ad)hn (a+bx) (A+BLogle (a+bx)" (c+dx)'"})2

+

2 (bg-ah)®(dg-ch) (g+hx)

3

b2 (A+BLogle (a+bx)" (c+dx)™"]) i (A+BLogle (a+bx)" (c+dx)*"])3

+

2h (bg-ah)? 2h (g+hx)?

38 (b -2d)"nn? (- BLog[e (3+bx]" (¢ +dx) 7] Log[1- rsn ]

+

(bg-ah)? (dg-ch)?

3B (bc-ad) (2bdg-bch-adh)n (A+Blogle (a+bx)" (c+dx)’”])2Log[1—%§%]

+

2 (bg-ah)®(dg-ch)?

3B3 (b c-a d)Z hn3 PolyLog[z) iigc_huML]

Cegah (crdn) _ ! 3B% (bc-ad)
(bgfah)z(dg—ch)2 (bgfah)z(dg—ch>2
dg-ch b
bdg-bch-adh)n® (A+BlLog|e (a+bx c+dx) PolylLog|2, € RIS
) : : : (98 ch] (a-bx

(bg-ah) (c+dx)

38° (bc-ad) (2bdg-bch-adh) n’Polylog|3, (Eg:::> <i:3§>]

(bg-ah)? (dg-ch)?

Result (type 8, 35leaves):

3

J(A+BLog[e (a+bx)" (c+dx)™])
(g+hx)3

dx
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Summary of Integration Test Results

314 integration problems

A - 225 optimal antiderivatives

B - 76 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 13 unable tointegrate problems

E - Ointegration timeouts



